1 Week 04: 16 and 18 September 2003

We now begin the definition and construction of Runge-Kutta methods.
These one—step methods are essentially always stable, but designing Runge—
Kutta methods which are consistent to high order can be difficult. This
theory is presented in Sec. I1.2 of [HNWO3], Sec. 4.1 of [Sha94], and Chap.
5 of [Lam91].

2 Examples

We have already seen several examples of Runge-Kutta methods: explicit
and implicit Euler, the implicit midpoint rule, the explicit midpoint rule
with Euler predictor, and so forth. Another example is the trapezoidal rule
with Euler predictor: in Runge-Kutta notation it looks like

kl == f(tna U/TL)
ko = f(tn, un + hky)
1 1
n = u,+h(=ki + =k
Up+1 Up + (2 1+ 5 2)
The basic idea is to build a series of “stages” k; which approximate y' = f
at various points, using samples of f from other stages, and approximate
Un11 — Uy by a linear combination of the stages. Since each stage can involve
the others, the right-hand side f ends up being evaluated in a complicated

nonlinear way.
The most famous example is the classical four-stage fourth—order scheme

kl = f(tnaun)

ke = f(t +1h +h1k)

2 — n 2 ) Un 2 1
1 1

ky = f(t,+ h,u, + hks)

1 2 2 1
Up41 = Uy + h(ékl + ékQ + 6k3 + 8k4)



3 Form and classification

A general Runge-Kutta method has s stages:

k'l = f(tn —+ Clh, Unp + h(a11k1 + CL12]€2 +---+ alsks))

ke = f(tn + coh,un + h(as ki + aseks + - - - + assks))

ks = f(tn+ csh,un + h(asiks + asoks + - - - + assks))
Upt1 = Up T+ h’(blkl + b2k2 + - bsks)a

conveniently summarized in a Butcher array

cl A
bT

consisting of a column vector ¢, an s X s matrix A and a column vector b.
For example, the 2-stage trapezoidal method above has Butcher array

0|0 O

L1

11

2 2

while the classical scheme has

0|0 0 0 O
io0s
310 5 00
110 01 0
12 21
6 6 6 6

Various useful properties of the mthod can be expressed with reference to
the matrix A, giving rise to acronyms: for example, an explicit Runge-Kutta
(ERK) method is one for which A is strictly lower triangular (a;; = 0 for
i < 7). All others are implicit (IRK), but there are several useful classes of
IRKs.

In general, IRK methods are useful because they can achieve high order
with few stages—good results cheap—and they are good for stiff problems.
(It’s essentially a theorem that an effective method for stiff problems must
be implicit.) ERK methods with s stages can achieve at best order p = s,



and for high p even less. For example, a 5th-order ERK must have 6 stages, a
7th-order ERK requires 9 stages, an 8th-order ERK requires 11 stages, and so
forth. This is because the number of terms in the Taylor series which must be
matched for high order increases with p faster than the number s(s—1)/2+2s
of parameters available in an s—stage ERK method. These facts are proved by
laborious calculations with the aid of graph theory and sometimes computer
algebra [But87]. By contrast, an s—stage IRK method has s*+2s parameters
and can achieve order p = 2s easily. (Order higher than 2s is impossible
with s stages, because it would yield numerical integration with higher—order
accuracy than Gauss quadrature when f(¢,y) is independent of y.)

The “Butcher theory” of attainable order for explicit Runge-Kutta meth-
ods contains essentially three theorems:

Theorem 1 All Runge—Kutta methods of order up to 4 have the same order
on IVPs whether y is a scalar or a vector. For order greater than 4, the order
for a system may be lower than for a scalar equation.

Theorem 2 Any s—stage ERK has order less than or equal to s.

Theorem 3 An ERK method of order p must have at least p + 1 stages if
p >4, p+ 2 stages if p > 6, p+ 3 stages if p > 7.

There is a p = 10th order method with 17 stages, useful for computations
requiring more than about 15-digit accuracy.

The disadvantage of IRK methods is their expense. For a d—dimensional
IVP 3 = f(t,y) where y(t) € R® for each ¢, we are resigned to having to solve
a d x d nonlinear system (probably by Newton’s method or a variation of it)
to advance any implicit method. But because an IRK method links together
s stages k;, each a vector of dimension d, it requires solution of an sd x sd
nonlinear system. Since each iteration of Newton’s method usually involves
solving an N x N linear system by Gaussian elimination at cost O(/N?3), an
IRK method requires O(s*d®) work per time step. The extra factor of O(s?)
can be substantial if s > 2 or so.

This suggests the introduction of a class of methods called DIRK for “di-
agonally implicit Runge-Kutta”. For DIRK methods, A is lower triangular
(but not strictly), so each k; depends only on itself and previously computed
k;’s with 7 <. Thus we can solve for the stages k; in sequence rather than
all at once. Total cost per time step is reduced to O(sd®) from O(s3d?), a
factor of 16 for a four-stage method.



In many situations, the nonlinear equations are solved by modified ver-
sions of Newton’s method where the Jacobian is frozen for several steps at a
time. This saves effort if the linear systems are solved by LU-factorization
of the Jacobian J (an equivalent form of Gaussian elimination) because the
LU-factors can be reused to solve Jxr = b for a new right-hand side b in
O(N?) instead of O(N?). Since the nonlinear system we solve for k; has Ja-
cobian J = I — ha;; D f (t,, + c;h, un + h(X; aijk;)), it is considerably cheaper
if all the diagonal matrix elements a;; are identical. Such methods are called
singly diagonally implicit (SDIRK) methods.

All restrictions on IRK methods for computational convenience reduce the
number of free parameters and therefore lower the attainable order in general,
but the amount lost varies greatly with the number of stages involved.

Later we will develop extrapolation methods and deferred corrections meth-
ods which amount to automatic generation of s—stage ERKs with order—p
accuracy, where s = p®>/4 + 1. These are suboptimally efficient for high s,
but require no explicit formula derivation. Similar methods are possible for
IRKs and provide excellent high—order stiff solvers.

4 Consistency conditions

Our first task is to derive algebraic conditions guaranteeing that the local
truncation error is small.

Let’s consider a specific example: derive a 2-stage ERK method of max-
imum accuracy. Such a method looks like

kl = f(tna U’n)
kQ = f(tn + ah, Up + hakl)
Upt1 = Up + h(blkl + bgk‘g)

where a = ¢y = a9 for simplicity. The local truncation error is

Tn+1 = Yn+1 — Yn — h'(blf(tn: yn) + b2f(tn + ah, Yn + ha’f(tna yn)))

1 1
= y+hy + SR+ ZBY + O(WY) =y = h(bif + baof (tn + ahyy + haf))

where we have omitted the argument whenever it is the center point (¢, y(t,))
of our Taylor expansion.



We need to evaluate 7,1 in multidimensional Taylor series, so let’s review
how to do it and introduce some simpler (or at least shorter) notation. When
we differentiate a vector function f(¢,y(t)) with respect to ¢, the chain rule
says we have to keep track of variation of f with ¢ plus the variation of each
component y;(t) with ¢:

FHV0) = Gy0)+ 33

f;
~(t,y(2)) - y5(0).
Yj

A simpler notation uses subscripts with commas for partial derivatives of f,
omits the argument whenever it is (¢,y(t)), and introduces the summation
convention that repeated subscripts are automatically summed over:

d /
%fi(t: y(t)) = fix + fizy;-

With this notation, we can express the derivatives of y in terms of f whenever
y is a solution of the ODE:

yz, = fi
vl = fir+ fijf
yi' = fiw+ firifi + (fige + figufe) i + fii(Fie + Finf)- (1)

Next we observe that life will simplify greatly if we consider only au-
tonomous ODEs, where f does not depend explicitly on ¢. This will not
cost us very much generality, because any ODE can be transformed to au-
tonomous form by regarding ¢ as another solution component satisfying an
additional ODE ' = 1 and initial condition #(0) = 0. After “autonomiza-
tion”, all the partial derivatives with respect to ¢ vanish into the crowd of
spatial partial derivatives. For our Runge-Kutta method this requires us
to treat ¢t the same as all the other variables, which imposes the row sum

condition
S
C; = Z Q-
j=1

In other words, the arguments of f approximate u(t, + c;h) at time ¢, + ¢;h;
there is no mismatch. Now the derivatives of y simplify to

y; = fia
yi = fijfj
vi' = fifefi+ fijfinfe (2)
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a much more manageable collection.
Returning to the local truncation error and dropping the time step index
n + 1 in favor of the vector component index i, we get

Ro= ek hfit GW Sl + P ugfels + fuafuefe) + O —
— h(bifi+ bofi(y + haf))

where it remains only to expand the final f value. To do this, we use the
multidimensional Taylor formula

fily + haf) = fi + fijhaf; + %fi,jk(ha)2fjfk +O(h?)
to get
7 = h(fi—bifi—bafi)
+ K (%fi,jfj - b2afi,jfj)
18 (GUiakdidy + Fuafind) — s funfsl) + O(h).

Clearly the choice by 4+ by = 1 is required for first—order or better accuracy,
while the choice bsa = 1/2 gives a one-parameter family of second-order
accurate ERK methods (the explicit trapezoidal rule we saw above has by =
1/2 and a = 1).

The O(h®) term consists of two different “elementary differentials” f; jx fi f;
and f;;f;xfr which cannot be both eliminated by choice of b,, b, and a, so
this method will be second order at best.

Exercise 1 Derive the equations for a 3-stage third-order ERK method and
show that they are satisfied by the Heun method

00 0 O
L1l g o
3
iozo
0_

4

and the Kutta method

0,0 00
13 00
11-1 2 0
T2 1
6 3 6



5 Order conditions

Next we will prove convergence and show easier ways to derive order con-
ditions for Runge-Kutta methods. These topics are covered in Sect. I1.2 of
[HNW93], Sect. 1.2 of [Sha94|, Chap. 2 of [Gea71], and Chap. 5 of [Lam91].

Previously we derived a second—order two-stage ERK method by Taylor
expansion of the stages and cancelling terms. If we try this approach on
a more complex method, or on any implicit method, it rapidly becomes
unmanageable because the stages appear on both sides and we are trying
to keep track of too many coefficients at once. Instead, we can take the
viewpoint that the local truncation error

=y(t+h)—yt)-h Z bpksp
is a series 1
T(h) = C() + Clh+ 502}12 —+ 4 O(hp-l-l)
in h, and compute the coefficients C; by the standard Taylor series formula
Cj = T(])(h = 0)

This treats the errors term by term and simplifies the calculations into man-
ageable pieces. A method is accurate of order p, then, iff Ch = C = --- =
Cp, = 0. These requirements constitute a collection of nonlinear equations
called the “order conditions” for Runge-Kutta methods, and are arduous to
solve for large s and p.

Consider an s-stage Runge-Kutta method, not necessarily explicit, with

Butcher array
c| A
bT

The ith vector component of the local truncation error is

T = (t-l—h)—y, (Zb kl>

= yi+hy + §h2 h3 Pt =Y
—h (biki + -+ bsk;) .
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Differentiating with respect to h gives

mI(h) = yz—i-hy"-i- h2 "+
— (b + ---+bsk;)
—h (bik¥ + - + bykY)
and

T,I(h) — + hylll
—2 (blk;' et bskg')
—h (bikY" 4+ + bk

Thus we need to evaluate derivatives of the stages with respect to h: we find
k;’(h) = fig(y + h_ apgky) (Z aquZ +h) aqug) .
q q q
As h—0, we get k) —f; and
ky (h) = fi, (Z aqué') — (Z apq) fiifi-
q q
Thus as h—0, the first derivative of the local truncation error converges to
Cr=7i(h=0)=y - (pr)fi =(1- pr)f
P 2
and the second derivative to
Co=1/(h=0)=y] - QZb Zapq figli= (L =22 by > apg) fijfi
P q

since y,:’ = fi,jfj-
Thus the first two order conditions, which produce methods of order 2,

read
b, =1
I3

and

QprZ“pq: 1
I3 q



Proceeding similarly, one derives the two third—order conditions
3D by D apg )ty =1
p q T

and

Gprzaquaqr: L.
P q T

The number N of order conditions required for higher-order methods grows
rapidly with p; see Table 1 (copied from [HNW93]).

The eight fourth-order conditions can be satisfied by the “Hammer—
Hollingsworth” 2-stage IRK method, even though it has only six free pa-
rameters a,, and b,:

1_ V3 1 1_ V3
2 } 4f 4 6
1 3|1 3 1
DRl I L S
1 1
2 2

Table 1: Number N of order conditions as function of order p.

p=1 2 3 4 5 6 7 8 9 10

N=1 2 4 8 17 37 85 200 486 1205

Further simplifications of the order conditions are discussed in detail in
[HNWO3], but lie beyond the scope of this course. Later we will see how to
build Runge-Kutta methods with arbitrarily high order by extrapolation or
deferred correction, without ever knowing the Butcher array.

6 Convergence

Let’s check when Runge-Kutta methods satisfy the conditions for order—p
convergence. Recall that a one-step method

Up+1 = Un + hF(un—}-l: Uns tn-l-la h7 f)



converges with order—p accuracy whenever (a) F' is Lipschitz in u,,; and u,
whenever f is Lipschitz, (b) F' vanishes identically whenever f does, and (c)
the method is consistent of order p (the local truncation error 7 is O(hP*1)).
The stability condition (a) is easy to check for Runge-Kutta methods: we
need only check that each k; is a Lipschitz function of w,. Since

ki = f(tn + cih,un + h(ainks + - - + aiki + - + aisks)),

variation of u, from u to v varies k; by

H&WV—%@WSlﬂw—vH+h§]%MMﬂw—kAMM-

=1

For one-stage methods, we now assume hL|a;1| < 1 (always true for small
h), collect the k; terms on the left-hand side of the inequality, and get

L

_ < -
s () = ks )l < 7o

lu = o]

proving stability. For multistage methods, we can do exactly the same cal-
culation except that we have to invert a s X s matrix I — hL|A| and take the
norm of its inverse. Here |A| is the matrix with elements |a;;|. The matrix
I — h|A] is always invertible for sufficiently small A, so the result is the same:

L
[k(u) = k()[| < 77 llu — o
1 —hL|[[A]l

where we have used the standard result
1
1— £
for any matrix F' with norm less than 1. Thus Runge-Kutta methods are

always stable, and their order of accuracy is completely determined by the
local truncation error.

17— F)7 <

Exercise 2 Ezpress the following method as a Runge-Kutta method, write
down the Butcher array, and determine the order of accuracy:

Yn+2/3 = Yn T+ g (f(yn+2/3) + f(yn)) )
h
Yir = Yo+ ¢ (3F Wnrass) + £ (3))
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Exercise 3 Use N steps of the trapezoidal rule with constant step size h =
H/N to advance the numerical solution u,, one big step to timet, 1 = t,+H.
Consider the big step un, — Uupt1 as a Runge-Kutta method. Write down its
Butcher array for the cases N =1, N = 2 and general N. Verify the order
of accuracy by checking that the appropriate order conditions are satisfied.

Next week, we will discuss the linear stability theory of Runge-Kutta
methods (Chap. IV of [HNW96]).
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