BLOCKS IN THE CATEGORY OF
FINITE-DIMENSIONAL REPRESENTATIONS OF

gl (m[n)

VERA SERGANOVA

ABSTRACT. We decompose the category of finite-dimensional gl (m|n)-
modules into the direct sum of blocks, show that two blocks are
equivalent iff their degrees of atypicality are the same. Further-
more we show that a block is equivalent to the maximal atypical
block in the category of gl (k|k)-modules.
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1. INTRODUCTION

The abelian category of finite-dimensional representations of gl (m|n)
is not semi-simple, i.e. indecomposable objects do not coincide with
irreducible. In this paper we show that it splits into the direct sum
of indecomposable full subcategories called blocks. Similar situation
happens in the representation theory over fields of finite characteris-
tic. We show that each block consists of all representations of gl (m|n)
with fixed action of the center of a universal enveloping algebra of
gl (m|n). We also show that two blocks are equivalent as categories iff
the degrees of atypicality of the corresponding central characters are
the same. Thus the category of finite-dimensional gl (m|n)-modules
has min (m, n) blocks up to equivalence. Moreover, a block of degree of
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atypicality k is equivalent to the block of maximal degree of atypicality
in the category of finite-dimensional gl (k|k)-modules. This allows one
to reduce many problems in representation theory (such as calculat-
ing multiplicities of irreducible modules in Kac modules and projective
modules) to the case of a maximal degenerate block of gl (k|k). In par-
ticular the combinatorial algorithm for the character of an irreducible
representation obtained in [?] becomes clearer in this setting, as we
discuss in the last chapter.

2. CATEGORY F

Let g = gl (m|n) over C, F be the category of finite-dimensional g-
modules. As it was shown in [?] all irreducible objects can be described
by highest weights similarly to irreducible gl(n)-modules. Here we
briefly recall how it works.

First we fix a Cartan subalgebra h of diagonal matrices. Then g has
a root decomposition

g="b® (Pacag”),
where each root subspace g* is 1-dimensional even or odd. According
to the parity of g* a root « is called even or odd. The set of even roots
is denoted by Ag, the set of odd roots is denoted by A;. Consider the
natural basis {e1,...,&m,01,...,0,} in h*. Then
A(] :{€i—€j|’é,j: 1,...,m}U{5i—5j|z',j: 1,...,71},
Al = {j:(»sl—éj) |Z: 1,...,m,j: 1,...,’)’1,}.
We fix also a g-invariant bilinear symmetric form (,) on g* by the
condition
<€i>€j> = - <517 5j> = 51)7 <€i7 5j> =0.
Finally we divide A into the set of positive and negative roots in the
following way

AS—ZAoﬂA—l—:{EEi—EEjH§i<j§m}U{5i—5j|1§’é<j§n},
AT =ANAT={g—-§1<i<m,1<j<n},
AT =—-A"

and fix a triangular decomposition

Y

g=n" & hen", where n* = Bocntgo.

The set of weights of g is a subset P C h* defined as
A
pP= {A e i)

(@, )

EZforanyOzEAo}.
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A weight A\ € P is positive iff 2% > 0 for any @ € AF. A weight
A € P is regular iff (\,a) # 0 for any a € Ag. The set of positive
weights we denote by PT, the set of regular weights we denote by P8,

In the standard coordinates
Ae Piff (N eg)—(\egj) €Z, (N\§)—(\J;) €Z;
Ae Pt (N g;) # (N g5), (N 6i) # (N, §;) for i # j;
Ne PHiff (N &) > (N gy) for 1 <i<j<mand (\d) < (\J;) for

Now we are able to describe irreducible finite-dimensional g-modules.
It was shown in [?] that all irreducible modules of F are in one-to-one
correspondence with positive weights. For each A € P one constructs
an irreducible g-module L) in the following way. Define a Verma mod-
ule My = U (g) ®up) ¢r, where b = h @ n™, ¢\ be the irreducible 1-
dimensional b-module determined by the conditions n* -cy = 0, hl., =
(A—p) (h) -id for any h € b, p = 1/2 (ZaeAga - zaeAfa). Then M)
has a unique irreducible quotient Ly which is finite-dimensional. (To
be honest each A\ € P* determines two irreducible modules since cy
can have dimension (1]|0) or (0|1). To avoid boring but nonessential
considerations of parity we allow an isomorphism to change parity, i.e.
we consider M and IIM as isomorphic, where II stays for the changing
parity functor.)

Here similarity between gl (m|n)-modules and sl (n)-modules ends,
since the category F is not semi-simple and has rather complicated
structure (see [?]). So the natural question arises: what are the blocks,
i.e. “minimal indecomposable pieces” in the category F. We answer
this question in the next section.

3. CATEGORIES F,

Let Z (g) be the center of the universal enveloping algebra U (g). A
central character is a homomorphism x: Z (g) — C. We say that a g-
module M has a central character x if for any z € Z (g) ,m € M there s
n € Zsgsuch that (z — x (2)id)"-m = 0. Clearly any finite-dimensional
indecomposable g-module has some central character, and any finite-
dimensional g-module decomposes into a direct sum of submodules
with central characters. Let F, be the subcategory of F consisting
of all modules with central character y. Obviously, each F, is a full
subcategory of F. Furthermore, 7 = ®F,, where the summation is
taken over all central characters x for which F, is nonempty. We are
interested in a description of the structure of F,.

OF gl (m|n)3
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First, let us describe irreducible modules in F,. We use a Harish-
Chandra homomorphism HC': Z (g) — Pol (h*). The construction of
this homomorphism is the same as for semi-simple Lie algebras (see for
example [?]). Thus, any A € h* defines a central character x, by the
rule xa (z) = HC (z) (A). Definition of HC' immediately implies that
an irreducible module L) has a central character y,. Let us denote
by P, the set of weights A € P such that xy = x and set P; =
P, NPT, P& = P, N P& Then obviously irreducible objects in F
are Ly for all A € P;. To study the category F, we need a good
description of P; . The following statement was first formulated in [7]
and proved in [?].

Proposition 3.1. Let \,u € P, W be the Weyl group of go. Then
Xx = Xp iff there is a sequence of odd roots o, ...,as € Ay andw € W
such that p = w(A+a1+---+a) and (A +a1+ -+ a;_1,04) =0
forio=1,...,s.

We want to give more constructive condition for x) = x,. Let A € P
and Ay = {a1,...,q;} be a maximal set of mutually orthogonal odd
positive roots such that (A, «;) =0 for i =1,... k. If A € P™8 the set
A is unique. Otherwise there could be several possible Ay but they
all have the same number of elements k. This number is called degree
of atypicality of X and is denoted by #A\. Let a1 =¢;, —0j,,..., a1 =
€i, — 0j,. Since ay, ..., aq are mutually orthogonal i, # i, and j, # Js.
The core cy of X\ is a pair of sets ax = {(\,&)|i #i1,... i} and
by = {(\,0;) |7 # j1,---,Jk}. The core does not depend on the choice
of A)\.

Example 3.2. Let g = g[(3|3) s A = bey + 369 — 3 + 401 + 302 + 03.
Then Ay = {e3 — 3}, #A =1, cn = ({5,3},{—4, -3}).

If X\ is not regular, say A = bey — 369 — 33 + 401 + 302 + 93, then A, is
either {3 — 02} or {e5 — 62}, #\ = 1. Meanwhile the core is uniquely
defined: ¢y = ({5, —3},{—4,—1}).

Proposition 3.1 implies the following
Corollary 3.3. Let A\, u € P. Then xx = X iff #\ = #p and c\ = c,.

Thus for any central character x one can define #x and ¢, by putting
#x = #X and ¢, = c) for some A € P,. Furthermore, x is uniquely
determined by #x and ¢, and P, = {\ € P|#\ = #x,c\ = ¢, }-

The next question we are going to discuss is when two categories F,
and F,, are equivalent. Consider the simplest example first.
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Example 3.4. Consider the case when the degree of atypicality of a
central character x is zero. Assume that F, is non-empty. By corol-
lary 3.3 P; consists of one element A, and therefore F, has only one
irreducible module Ly. Moreover, L, is isomorphic to so called Kac
module

Vi = U (8) ®p(gagt) L2

go®ey
where g = @, Af8a and LY is the irreducible go-module with the

highest weight A and with trivial action of g;. Now note that for any
go-module MY one can consider the induced g-module

Ind M° = U (g) ®U(Bo@gf) MO,

Obviously Ind is a functor from the category of finite-dimensional go-
modules to the category F. Let FY be the category consisting of finite-
dimensional go-modules with all irreducible subquotients isomorphic to
L{. Then it is not hard to show that Ind: F) — F, is an equivalence
of categories. The inverse functor is Inv, which maps M to M o =
{me Ml|gf-m=0}.

To complete the picture note that go = sl (m) @ sl (n) & 3, where 3 is
two dimensional center of go. Then two functors M +— Hom,, (M, LY)
and N — N ®c¢ LS establish the equivalence between the category Fy
and the category of finite-dimensional nilpotent 3-modules. Thus, all
Fy with #x = 0 are equivalent.

If we proceed to the case #x > 0, the problem becomes more in-
teresting. Our main results can be formulated in the following three
theorems.

Theorem 3.5. Categories F, and F,, are equivalent iff #x = #x’.

Theorem 3.6. Let #x = k > 0. Then the category F, is equivalent to
the category F* of finite-dimensional gl (k|k)-modules with the (most
atypical) central character x,,.

Theorem 3.7. For any central character x the category F, is inde-
composable.

The rest of the paper consist of proofs of these theorems.

4. COMBINATORIAL PREPARATIONS

The case #xy = 0 is already done in example 3.4. Thus we can
assume that #y = k > 0. Denote by M?? the set of all pairs (a,b),
where a is a p-element subset in Z, b is a g-element subset in Z, and
anNb=@. Then ¢, € MP? wherep =m —k,q=n — k.
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We say that ¢ = (a/,0') € MP1 is a shift of ¢ = (a,b) € MP iff one
of the following conditions holds:

(1) there is t € b such that ' = (b~ {t}) U{t £ 1} and &’ = a;

(2) there is t € a such that @’ = (a ~ {t})U{t £ 1} and &/ = b.

We say that ¢ = (a/,V) € MP? is a reflection of ¢ = (a,b) € MP?
iff there is t € a such that t £ 1 € band o’ = (a \ {t}) U{t £ 1},0 =
(b~ {t 1} U{t}.

Example 4.1. Let ¢ = ({3,5},{2,4}). By shifting one can obtain from
c either ({3,6},{2,4}) or ({3,5},{1,4}). By reflecting one can obtain
from c three elements : ({2,5},{3,4}),({3,4},{2,5}) and ({4,5},4{2,3}).

We will need the following combinatorial

Lemma 4.2. For any two ¢,d’ € MPY there exist &, ..., c* € MP? such
that ¢t is either a shift or a reflection of ¢ and &® = ¢, ¢ = ¢ .

Proof. For an arbitrary ¢ = (a,b) € MP?let m (¢) = aUb. Then clearly
a reflections does not change m (¢) and a shift increases or decreases
one element in m (¢) by 1. Thus, using only shifts one can convert
m (c) into {1,2,...,p+ q}. Now each reflection increases or decreases
one element in a by 1, thus one can convert a into {1,...,p}. OJ

5. TRANSLATION FUNCTORS

In this section we prove Theorem 3.5 by an explicit construction of
functors giving equivalence between F, and F,,. These functors are
similar to translation functors for category O (see [?]).

Let E be a finite-dimensional g-module. Let Tg : 7 — F be a func-
tor defined by Te M = M®cE. If x and x’ are two central characters we
can define a functor Tg"xl : Fy — Fy by putting Tg"X/M = py (TeM),
where p,s : 7 — F, is the natural projection.

We need the following facts, proved in [?].

Lemma 5.1. The dimension of b-invariant subspace of the weight p
in Tg (Ly) is not bigger than the multiplicity of the weight i — X in E.

Lemma 5.2. (a) A functor T is ezact.

(b) Functors Tg"xl and Tg‘;’x are adjoint, i.e. there are canonical
isomorphisms between Hom, (Tg"X/M, N) and Hom, (M, Tg‘;’XN) and

between Hom, (M, Tg"X/N) and Homg (Tg‘;’XM, N).

Now we are going to show that for some special x,x’ and E the
functor T is an equivalence of categories. Denote by P (E) the
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multiset of weights of F, i.e. the multiplicity of p in P (FE) is equal to
the multiplicity of the weight p in E.

Lemma 5.3. Let x,x' be central characters and \ € P; be such that
|(A\+ P (E)) NP =1. Then TXX Ly = Ly is irreducible.

Proof. 1t follows from lemma 5.1 that the dimension of a maximal b-
invariant subspace in Tx'* L, is at most 1. This implies irreducibility
of TXX'Ly. O

Proposition 5.4. Let central characters x and X' and a finite-dimensional
g-module E satisfy the following conditions:
(1) For any A € PF,(A\+P(E)) NP}’ = (A+P(E))N P is a
one-element multiset {\'};
(2) For any p € PJ,(n—P(E)) NPy = (u—P(E)) NP is a
one-element multiset {u'}.

Then the functors T ;;X’ and Tg;’x establish an equivalence of cate-
gories Fy and F,.

Proof. Note that by lemma 5.2 (b) it suffices to check that the functors
T g’xl and Tg;’x are faithful. By symmetry of conditions (1) and (2) it is
sufficient to check that T is faithful. By lemma 5.2 (a) it is sufficient
to show that Tg"X/L,\ # 0.

Here we recall the superanalogue of Borel-Weil-Bott theorem (for
details see [?]). Consider the flag supermanifold G/B. We will work
in the category of G-sheaves on GG/B, i.e. the sheaves obtained by
induction from B-modules. Let O, be the invertible sheaf on G/B
induced by the infinitesimal character A — p. It was shown in [?] that if
A € P7 then the space of global sections T'(@,) is a g-module, which
contains an irreducible submodule isomorphic to Ly. It was also shown
there that if A € P™® then all cohomologies of O, vanish. Let Lz be
the sheaf on GG/B induced by G-module E considered as B-module.
Then I'(Lg) = F and I' (L ®0 Lg) = ' (L) ®c F for any G-sheaf L.
Finally since the action of U (g) is defined on any G-sheaf £ on G/B
one can define a canonical projection p, (£) on the component with
central character x. By definition I' (p, (£)) = py (I' (£)).

Consider the sheaf p,/ (O ®o Lg). It has a G-filtration with invert-
ible quotients O, where v € (A + P (£)) N P,». By condition (1) any
ve (A P(E))NPy,v# X isnot regular. Therefore all cohomologies
of O, vanish for v # X. Hence

I (px’ (O)\ Ko »CE)) =TI (O)\/) .
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On the other hand
['(py (Ox @0 LE)) = py (I'(Or @0 L)) = py (I'(Ox) @c E).
Thus,
TYXT (05) =T (Oy).

Now note that conditions (1) and (2) imply that the mapping e: P" —
P;, which sends A to A is a bijection. For any irreducible subquotient
L. of T (0,), k # N, TXX L, is either Ly (k' # X) or zero by lemma 5.3.
Since by lemma 5.2 (a) T%X is an exact functor and ' (Oy/) has a sub-

module isomorphic to Ly, there should be an irreducible subquotient
L, in T (O,) such that Tg"X/LH =Ly. Butthen k =1 (V)=\X. O
Lemma 5.5. Let x and x' be central characters with #x = #X’.

(a) If ¢\ is a shift of ¢y, then for one of E = L., or E = L_;, the
functor T ;;X’ s an equivalence of categories ;

(b) If ¢\ is a reflection of ¢, then for one of E = Lo, or E =
L_s s, = L;_ the functor Tg"xl 1s an equivalence of categories.

2eq
Proof. (a) Let ¢, = ¢ = (a,b),c,y = ¢ = (a’,1'). We consider the
case @' = (a~{t})U{t+1}, v = b. (All other variants of a shift

can be done in the similar way.) In our case £ = L., and P (E) =
{e1,...,€m,01,...,0,}. It is sufficient to prove that y, x’ and E satisfy
the conditions (1) and (2) of proposition 5.4. Let A € P. Since t € a
there is 7 such that (A, &;) =¢. Then (\,e;,_1) >t + 1. First, consider
the case when (\,&,_1) >t+ 1. Thent+1¢ a, if p = X+ ¢ (k #1)
or 4 = X+ 9, therefore (A\+ P (E)) N Py = {A+¢;}. Thus, the
condition (1) for A in this case is true. Next, assume that (A, &,-1) =
t+ 1. Since t + 1 ¢ a, there is j such that (\,d;) = t + 1. Then
A+P(E)NPy ={X+ei,A+0;}. Obviously, A +¢;, ¢ P On
the other hand, A\ + J; € P*, since t € a and therefore (X, ;) # ¢ for
any [ = 1,...,n. Therefore the condition (1) holds. The condition (2)
can be done in the same manner: just change in above argument t to
t+1,t+1totandi—1tos+ 1.

(b) We consider the case when o’ = (a \ {t})U{t + 1}, ' = (b~ {t + 1})U
{t}. (The other cases are completely similar). Take E = Ly.,. Then
{0i+6;]1 <i<j<n}. Sincet € a,t+1¢€ b, for any A € P there
are ¢ and j such that (\,g;) = t,(\,0;) =t+1and (\,g) #t+1
for il =1,....,m,(\,§) # t for l = 1,...,n. Then one can easily see
that A+ P(E)) NPy = {A+¢e +d;} and A +¢; +6; € PT. Thus
the condition (1) holds. Condition (2) can be checked in the same
manner. U
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Now lemmas 4.2 and 5.5 imply theorem 3.5.

6. INDUCTION FUNCTOR

Here we prove Theorem 3.7. Intuitively it is clear that one should
use an induction from gl (k|k) C gl(m|n) to establish an equivalence
of categories F* and F,. But a straightforward construction does not
work. We have to cut both categories, prove an equivalence between
cut pieces and then go to a limit.

Fix k, denote gl (k|k) by g’. Put p =m — k,q =n — k. We consider
g’ as a subalgebra in g with the root system A’ C A, where

A':{€Z—€J|z,]:p—l—1,,m}U{51—5J|z:p—|—1,,m,j:1,,k}U{51—5J|z,]:1,k

We use notations F', (A1), (PT)', o/, L) e.t.c. for objects related to
the Lie superalgebra g'.

Clearly, ' = h N g is a Cartan subalgebra of g/, and h = b’ & §”,
where h” is the orthogonal complement to h. Note that the natural
basis of §' is {ep41,...,Em,01,...,0k}, and the natural basis of h” is
{€1,...,€p, Ok41,-..,0n}, and [h”, g'] = 0. Let p =g’ +b. Then p is a
parabolic subalgebra in g and p = g’ ® h” @ t, where t = Bpeat\a/ga-
For any M € ObF,pu € (h")" set M* = M ®c c};, where ¢ is the
1-dimensional h”-module defined by the character u — p. We define a
p-module structure on M* by putting v- M* = 0. Then a generalized
Verma module U (g) ®y ) M* has a unique maximal finite-dimensional
quotient which we denote by Ind*M. Clearly one can consider Ind* as a
functor from the category F’ to the category F. Geometrically Ind* M
can be defined as I (ﬁ(Mu)*)* where Ly is a G-sheaf on G/P induced
by P-module N.

On the other hand one can construct a functor Inv*: F — F’ by
putting Inv* M = {m € M|tm = 0,hm = (u — p) (h) mVh € h"}.

Lemma 6.1. (a) For any M € ObF',N € ObF there is a canonical
isomorphism

Homg (Ind*M, N) ~ Homy (M, Inv* N);

(b) Inv* is exact on the left;

(c) Ind" is exact on the right;

(d) If M is indecomposable g'-module then Ind"M is indecomposable
g-module.

Proof. To show (a) note that since NV is finite dimensional

Homg (Ind“M, N') = Homg (U (g) ®u ) M", N).
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On the other hand by Frobenius reciprocity
Homyg (U (g) ®u ) M*, N) = Hom, (M*, N) .
Finally by definition of M*
Hom, (M", N) = Homgy (M, Inv* N) .

Statements (b) and (c) are trivial.
Let us prove (d). Assume that M is an indecomposable g’-module
and Ind*M = N’ & N” with N', N” # 0. As easily follows from (a)

Inv* Ind“M ~ M ~ Inv* N’ @ Inv* N”.

This implies that Inv* N ~ M,Inv* N” = 0. On the other hand M
generates Ind”M, and therefore N’ generates Ind“M, which implies
N" = 0. Contradiction. O

Next step is to construct subcategories in F and F* such that the
functors Ind and Inv give an equivalence of these subcategories.
Let us fix some central character x with #x = k, and

oy ={ar > >a,},{bi <by<--- <by}).

Let
U=aie1+ -+ apcp — 615k+1 — = bq(;n € (b//)* .
Let F* (i) be the full subcategory of F* consisting of g’-modules, ir-
reducible subquotients L) of which satisfy the condition (u, ) € P*.
In the same way let F, () be the full subcategory of F, consisting of
modules whose irreducible subquotients have the form L, »).
The next lemma is trivial and we leave the proof of it to the reader.

Lemma 6.2. (a) Let L)\ € Ob F* (1), then there is a surjection Ind*L, —
L
(b) Let L, ny € Ob Fy (), then Inv" L, \y >~ L;
(c) If M € Ob F, (), then Inv* M = M () = {m € M|hm = (1 — p) (h) mVh € h"}.

Now we are able to prove the following

Lemma 6.3. The functors Ind"* and Inv* establish an equivalence of
the categories F* (u) and F, ().

Proof. Note that by Lemma 6.2 (¢) Inv" is an exact functor on F, ().
Therefore by Lemma 6.2 (b) it maps a module from F, (1) to a module
from F* (1) and it is faithful on F, (u). Furthermore by Lemma 6.1
(a) N ~Ind"Inv* N for any N € ObF, (p).

On the other hand Lemma 6.1 (¢) and Lemma 6.2 (a) imply that Ind*
is faithful on F* (i), and therefore by lemma 6.1 (a) Inv*Ind*M ~ M
for any M € Ob F* (u). Now to finish the proof we only have to show
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that Ind*M € ObF, (u) for any M € ObF*(u). Let M have irre-

ducible subquotients LY, ,..., L) . Then P (Ind*M C Uj_; (\i + P (U (n7))).

In particular, if L, is an irreducible subquotient of Ind* M, then v =
As — Ygea+rmqo for some s < r, m, € Z>o. Furthermore, Lemma 6.1
(d) and Lemma 6.2 (a) imply that x, = x. One can easily check that
the last two conditions together with v € P imply that v = (u, ) for
some x € (P')*. Thus we have proved the lemma. O

Now we can proceed to the proof of theorem 3.6. Note that F* =
Up—ooF" (). Therefore we can try to get an equivalence functor as a
limit of Inv* as p — oco. Let us do it formally.

Let us fix a central character x with #x = kand ¢, = ({1,...,p} . {p+1,...

Let us fix a sequence p(™ such that:
(1) u@ —peL Sy - (P+1) k1 — - = (p+q) du;
(2) p is either p(—Y —|—5s for some s € {1,...,p} or pl=1 — 4, for
some s € {k+1,. ;
(3) ¢ (a9, ) = ({<,u(Z 5s> 1<s<p},{{mds)|k+1<s<n})e
MP;
(4) a® Ub® ={a,...,a+p+q+ 1}~ {b} for some a and b € Z.
Note that each ¢ is obtained from ¢~ by shifting. Let x* be the
central character with #x@ = k, iy = D, Let FO = Fo and let
®® : FO — F+D be the functor Tg(”’x(””
(a).
Lemma 6.4. Let M € Ob F® (u()). Then 9 (M) € Ob FHD (,0+)
and Inv""” (M) ~ Inv*""" @ 1.

constructed in lemma 5.5

Proof. Since all functors in question are exact it suffices to check the
first statement of lemma for an irreducible M = L(u(” A): Indeed,

@(i)L(“(i))\) = L(“(i+l)7)\) € Ob f(i—i—l) (:U“) )

and

(4) (i+1)

To show that the second statement of lemma is true con81der M €

Ob F® (u(). Recall that @M = TX RV e (M ® E), where E
is either the standard g-module or its dual Therefore

Inv"" @M C (M ® E) ().

We claim that (M ® E) (u™) ~ dim M (1) as g’-modules. Indeed,
it is sufficient to check this claim for M = L( O )" Assume that

p ) = ;) ¢ then E is the standard module. (The case put*+! =

7,+1)

1q})-
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19 =6, and E is the dual to the standard module is completely similar).
All weights of M ® E belong to P(M) 4+ {e1,...,m,01,...,0n}. A
simple direct checking shows that for any v € P (M) one has u+ &5 =
(1Y) implies s = r and v = (u,X), and v + 0, # (pOTV,N).
Thus (M ® E) (u™) = py (M @ E) (p0+V) ~ M (u). O

Now we construct a functor ¢ : 7, — F} by putting
OM = Inv*"” 0®D o...0 dOpf

for sufficiently large i. More precisely one can choose i such that ®¢—Yo
0@ € ObF® (u™). Lemma 6.4 implies that ® is well defined.
Lemma 6.3 together with U;F* (,u(i)) = F* imply that ® gives an
equivalence of categories.

7. INDECOMPOSABILITY OF F

What remains is to prove theorem 3.7. Theorem 3.6 implies that it
is sufficient to prove indecomposability for F,, and g = gl (n|n).

Lemma 7.1. Let A € Pt o € Ay such that (\,«a) = 0 and A + « €
P*. Then there is an indecomposable module which has subquotients
1somorphic to Ly and Lyyq.

Proof. One can assume without lost of generality that o € Aj. It was
shown in [?] that the Kac module V) has subquotients Ly and L.
Since V) is indecomposable the statement is proved. O

Now theorem 3.7 will follow immediately from lemma 7.1 and the
following simple combinatorial statement.

Lemma 7.2. Let \,;p € P and x» = xu = Xp. Then one can
find a sequence ay,...,as € A} such that (A + a1+ -+ + aj, a11) =
OAN+ar+--+a; € (P foranyi<sand \+ o1 + -+ a, = p.

Proof. Let |\ — pl| = S5, | (A — p,e)|. We prove the statement by
induction on ||A — p||. Let us choose the minimal ¢ such that (), e;) #
(i, €;). We have two cases
(1) If <)\>5i> < (,u, 5i>> then )\/ = )\+5i_5i c (P+)/ and <)\>5i — 5z> =
0. Since || — pu|| = [|A — p]| — 1, the statement is true for X
and p. But then it is clearly true for A and p;
(2) If (N, &3) > (u, &), then ' = p+e;—6; € (PT) and (u, g; — 6;) =
0. Since [|A— /|| = ||A = || — 1, the statement is true for A and
i/, But then it is clearly true for A and p.

O
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8. SOME APPLICATIONS

Let us apply theorem 3.6 to the problem of calculating of the char-
acter of Ly. It was shown in [?] that the character can be written as
the infinite linear combination:

ChL)\ = E“S)\a)\“ Ch V:u

Here the coefficient ay,, is defined as the multiplicity of V,, in a resolu-
tion of Ly by Kac modules. Therefore if ay, # 0 then Ly and L, should
belong to the same block. Moreover, the coefficients are invariant with
respect to an equivalence of blocks. Thus, by theorem 3.6 it is sufficient
find the coefficients ay, only for the most atypical block F,, for the Lie
superalgebra g = gl (n|n). This simplifies the problem combinatorially
because the most atypical weight A is defined only by n parameters.
Indeed, A = A\je1+- -+ e — A1 — - -+ — A10p, where Ay, ..., \, € Z
and Ay > --- > \,. Denote by @ the set of all such (\1,..., ;). The
algorithm for calculating ay, defined in [?] can be reformulated in the
following way.

We identify A with (A1,..., ;) and consider a free Z [g]-module H
with basis A € Q. Let d; (A1,..., ) = (A,..., A —1,...,\,) and
[f (@), = f(q)—f(0) for any f (q) € Z[q]. Define Z [g}-linear operators
S1,...,S, on 'H by the following recurrent relation:

Sn (A) = qdn (V) ;
Si (V) = qdi (A) + [¢71Si (di (V)] if di (N) € M;

Let S =117, (14 S;)"" and sy, (¢) € Z[q] be the matrix coefficients
of the operator S in the basis {\}. Then a,, = s, (—1).
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