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Discrete algebraic dynamics

De�nition

A discrete algebraic dynamical system over a �eld K is a pair (X , f )
consisting of an algebraic variety X over K and a morphism of
algebraic varieties f : X → X .

We may wish to relax this de�nition is several directions.

We might allow f to be merely a rational function or even just
an algebraic correspondence.

We might want to consider a dynamical system given by a
semigroup of operators.

We might want to take X and f simply to be de�nable relative
to some other theory.
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Basic dynamical Mordell-Lang problem

Problem

Given an algebraic dynamical systems f : X → X over a �eld K , a
point a ∈ X (K ) and a subvariety Y ⊆ X , describe
{n ∈ N : f ◦n(a) ∈ Y (K )}
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Why is this called a Mordell-Lang problem?

Let

X be an abelian variety,

f : X → X be given by translation by some element
γ ∈ X (K ), and

a be the identity element of X ,

then Of (a) := {f ◦n(a) : n ∈ N} is the monoid generated by γ.

The usual Mordell-Lang conjecture (when the characteristic of K is
zero) asserts in this case that Y (K ) ∩ Of (a) is a �nite union of
translates of submonoids of Of (a). In particular,
{n ∈ N : f ◦n(a) ∈ Y (K )} is a �nite union of points and arithmetic
progressions.

This rank one problem is a very special case of the Mordell-Lang
conjecture and was already addressed in the 1930s and 1940s by
Chaubuty, Skolem, Lech and Mahler.
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Skolem's method

Theorem

Let X be a commutative algebraic group over a �eld K of

characteristic zero, γ ∈ X (K ), and Y ⊆ X a closed subvariety.

Then the set {n ∈ Z : [n]X (γ) ∈ Y (K )} is a �nite union of points

and arithmetic progressions.
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Proof of theorem

Proof.

Choosing equations for X , γ, and Y over some �nitely
generated subring of K , we may assume that K is a p-adic �eld
and that all of the named objects have good integral models.

Using the theory of p-adic Lie groups, we can �nd a p-adic
analytic exponential map and thereby produce a p-adic
analytic function E : Zp → X (Qp) satisfying E (n) = [n]X (γ)
for n ∈ N.

The set {x ∈ Zp : E (x) ∈ Y (Qp)} is then the zero set of a
p-adic analytic function on Zp and is therefore a �nite union of
points and cosets of pnZp.
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Skolem's method for general dynamical systems

Theorem (Ghioca,Tucker)

If Φ : X → X is a self-map of a smooth algebraic variety over a

p-adic �eld K, Y ⊆ X is a closed subvariety, P ∈ X (K ),
limn→∞Φ◦n(P) =: Q, and dΦQ : TQX → TQX is diagonalizable

with all of its eigenvalues having p-adic absolute value less than

one, then {n ∈ N : Φ◦n(P) ∈ Y (K )} is a �nite union of points and

arithmetic progressions.
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Skolem's method for general dynamical systems

Problem

Given an algebraic dynamical system f : X → X over some �nitely
generated �eld K of characteristic zero and point a ∈ X (K ) is it
always possible to �nd some p-adic completion of K and a p-adic
analytic function E : Zp → X (Kp) so that E (n) = f ◦n(a) for all
n ∈ N?

Even when X = P1 and f is an ordinary rational function of
one variable, this is still an open problem.

The issue is that one wishes to uniformize f near a �xed point,
but it is not obvious that there are any appropriate �xed or
periodic points in the closure of the orbit of a.
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Cautionary remarks on p-adic method

Benedetto, Ghioca, and Tucker have given examples of

polynomials f1, . . . , fn,

p-adic number a1, . . . , an, and

a p-adic analytic function G (x1, . . . , xn)

for which lim f ◦mi (ai ) exists for each i ≤ m, but
{m ∈ N : G (f ◦m1 (a1), . . . , f ◦mn (an)) = 0} is in�nite but does not
contain an arithmetic progression.

On the other hand, they do prove that the sequence of such zeros
grows very quickly.
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A real analytic version of Skolem's method?

It would seem that Skolem's method does not apply in the
Euclidean topology for even if we had an analytic function E

satisfying E (n) = f ◦n(a) for all n ∈ N, since the integers are
discrete in R, from an analytic equation F (E (n)) = 0 for in�nitely
many n ∈ N, we could not reach a useful conclusion.
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Analytic uniformization

There are classical results from the early Twentieth Century due to
König and Böttcher that univariate complex analytic dynamical
systems may be expressed in standard monomial form near
attracting (or repelling!) �xed points.

Theorem

If f (x) is a complex analytic function near the origin with f (0) = 0
and |f ′(0)| 6= 1, then there is another complex analytic function u

also de�ned near the origin so that one of the following diagrams

commutes where λ := f ′(0), N := ord0(f ) and ∆ is a

neighborhood of the origin.

∆
f−−−−→ ∆

u

y yu

∆
λ·−−−−→ ∆

or

∆
f−−−−→ ∆

u

y yu

∆
x 7→xN−−−−→ ∆
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Real analytic orbits

Proposition

If f is a real analytic function near the origin, a is close to the

origin, and limn→∞ f ◦n(a) = 0, then there is a function F de�nable

in Ran,exp for which F (n) = f ◦n(a) for n ∈ N.

Theorem

Let f1, . . . , fn be a �nite sequence of real analytic functions each

de�ned on some interval. Let a1, . . . , an be real numbers for which

limm→∞ f ◦mi (ai ) exists for each i . Then if X ⊆ Rn is a subanalytic

set, the set {m ∈ Z+ : (f ◦m1 (a1), . . . , f ◦mn (an)) ∈ X} is a �nite

union of points and arithmetic progressions.
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Cautionary remark about complex dynamics

Extending Skolem's method to complex analytic dynamics leads
very quickly to notorious issues in diophantine approximation. It
seems plausible that the the p-adic counterexamples may be
adapted to the complex analytic setting.
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Higher rank dynamical Mordell-Lang problem

The di�cult cases of the usual Mordell-Lang conjecture concern
�nitely generated groups of rank greater than one. While the
dynamical Mordell-Lang problem for a single map is already
nontrivial, the higher rank case is much more complicated.
From point of view of understanding the induced structure on
dynamical orbits, the simplest higher rank problem is to understand
algebraic relations between di�erent points of single orbit.

Problem

Given an algebraic dynamical systems fi : Xi → Xi (for i ≤ n) over
a �eld K and a points ai ∈ Xi (K ) describe for Y ⊆

∏n
i=1 Xi an

algebraic subvariety, describe
{(m1, . . . ,mn) ∈ Nn : (f ◦m1

1 (a1), . . . , f ◦mn

n (an)) ∈ Y (K )}

Specializing further, we might want to take Xi = X , fi = f , and
ai = a to be the same for all i ≤ n.
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Some observations

In some cases, the induced structure is very chaotic. For
instance, if Xi = A1

C, fi (x) = x + 1, and ai = 0, then we are
studying integer points on varieties.

The generic case may be analyzed by considering instead the
di�erence equations σi (xi ) = fi (xi ).
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Nonarchimedian local theorem via Mann property

We specialize the higher dimensional problem to the case of
nonarchimedian analysis.
Fix

(K , v) a complete nonarchimedian �eld with ring of integers R ,

an analytic function f over R satisfying f (0) = 0 and
v(f ′(0)) > 0, and

a nonzero point a ∈ R with lim f ◦m(a) = 0.

What are the possible analytic relations on Of (a)?
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Warm up case: λ := f ′(0) 6= 0

By the nonarchimedian version of König's uniformization, by
an analytic change of variables we may assume f (x) = λx and
a = 1 so that f ◦m(a) = λm for m ∈ N.
If G (x1, . . . , xn) =

∑
gαx

α ∈ R[[x1, . . . , xn]] is any nonzero
power series, then there is a �nite set S of multi-indices for
which for any b ∈ Rn,
min{v(gβb

β) : β ∈ Nn} = min{v(gαb
α) : α ∈ S}.

Consequently, if G (f ◦m1(a), . . . , f ◦mn(a)) = 0, then for some
β 6= α ∈ S ,

∑
i (αi − βi )v(λ)mi = v(gβ/gα) must hold.

If such a valuation equation is consistent, then there is some
µ ∈ 〈λ〉, so that for ~m satisfying the linear equation, λ~m

satis�es Xα = µX β .
Thus, the analytic varieties meeting Of (a)n densely are
(analytic reparametrizations of) �nite unions of translates of
algebraic tori.
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Superattracting case: f ′(0) = 0

This time, at least in characteristic zero and perhaps at the
cost of replacing a with f ◦m(a) for some m, we may use the
analogue of Böttcher's theorem to conjugate f to xN so some
N > 1 so that f ◦m(a) = aN

m

for m ∈ N [though, to be honest,
this reduction is unnecessary].

As before, analytic relations on the orbit give rise to linear
relations of the form∑

v(f ◦mi (a))(αi − βi ) = v(d)

That is, inhomogeneous equations of the form
∑

riN
mi = s.

Not only does the Mordell-Lang property hold for the
multiplicative group generated by N, but it has the Mann
property (isolated by van den Dries and Günayd�n).
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Super-attracting case continued with the Mann property

De�nition

Let L be a �eld. The group Γ ≤ L× has the Mann property if for
any linear function L(x1, . . . , xn) =

∑n
i=1 aixi ∈ L[x1, . . . , xn] there

are only �nitely many non-degenerate solutions to
L(γ1, . . . , γn) = 1 with γi ∈ Γ where a solution is degenerate if∑

i∈I aiγi = 0 for some I ( {1, . . . , n}

It follows that every system of (inhomogeneous) linear equations in
Γ is reducible to a system de�ned by equations of the form xi = γxj
or xk = δ for γ and δ from Γ

Returning to the dynamical problem, these valuations equations
correspond to the analytic equations f ◦`(xj) = xi or xk = f ◦`(a).

It follows that all analytic relations on Of (a) are �nite unions of
relations de�ned by conjunctions of such equations.
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Concluding speculations

Is the trichotomy theorem for di�erence equations re�ected in
a trichotomy for the induced structure on dynamical orbits?

To what extent do these analytic arguments extend to higher
dimensional dynamical systems?

Does the o-minimal analysis give useful information about
relations on dynamical orbits beyond dimension one?
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