LATTICES IN TATE MODULES
BJORN POONEN AND SERGEY RYBAKOV

ABSTRACT. Refining a theorem of Zarhin, we prove that given a g-dimensional abelian
variety X and an endomorphism u of X, there exists a matrix A € My, (Z) such that each
Tate module Ty X has a Z,-basis on which the action of u is given by A.

1. INTRODUCTION

Let X be an abelian variety of dimension g over a field k£ of characteristic p > 0. Let
End X be its endomorphism ring. Let End® X := (End X) ® Q. Define Tate modules

T, = ToX = lim X[")(k) Vi=ViX =T X ®,,Q,  foreach ¢ #p
T=TX = [[7.x V= VX = TX @, Q = [[ (ViX,T.X);
t#p t#p

these are free rank 2¢g modules over Z,, Qy, 7P = H#p Zy, and AP = 70 @, Q =

H; #p((@g, Zy), respectively (all products and restricted products are over the finite primes ¢,
excluding p if p > 0).

Definition 1.1. Given rings R C R’ and corresponding modules M C M’, say that M is an
R-lattice in M’ if M has an R-basis that is an R'-basis for M’.

Zarhin [Zar20, Theorem 1.1] proved that given u € End® X, there exists a matrix A €
My, (Q) such that for every ¢ # p, there is a Q-basis of V;, on which the action of u is given
by A; equivalently, there exists a u-stable Q-lattice in the ([], 4y Q¢)-module [], 2p Ve Our
main theorem refines this as follows:

Theorem 1.2.

(a) For each v € End® X, there exists a u-stable Q-lattice V C V.
(b) For each u € End X, there exists a u-stable Z-lattice T C T.

The following restatement of (b)) answers a question implicit in [Zar20, Remark 1.2]:

Corollary 1.3. Let u € End X. Then there exists a matriz A € Myy(Z) such that for every
0 # p, there is a Zy¢-basis of Ty X on which the action of u is given by A.
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2. PROOF

Lemma 2.1. Let E be a number field contained in End° X. Let O = ENEnd X. Let
h =2(dim X)/[E : Q]. Then

(i) The (E ®q Qp)-module V; is free of rank h.

(ii) For each (1 pdisc O, the (O ®z Z;)-module Ty is free of rank h.
(ii) The (E ®g A®))-module V is free of rank h.
Proof.

(i) This is |Rib76, Theorem 2.1.1].
(i) Fix ¢t pdisc O, where disc O is the discriminant of O. For each prime A of O dividing

¢, let Oy C E\ be the completions of O C E at A. Since ¢ { disc O, the ring O, is a
discrete valuation ring with fraction field E), and

E@QQZEHEA and O@ZZgZHO)\.
A¢ Al
These induce decompositions
Vi=[[w and T.=]]7
Al Al

By , dimpg, V) = h. Since T) is a torsion-free finitely generated Oy-module that
spans V), it is free of rank h over O,. Thus T, = H/\M T) is free of rank h over

O ®Z Z@ ~ H/\M O)\.

(iii) We have £ ®g AP = HI(E ®q Q, O @z Zy), so follows from () and (i). O
Proof of Theorem [1.2,

(a)

We work in the category of abelian varieties over k up to isogeny. By [Zar20, Theorem 2.4,
u is contained in a subring of End® X isomorphic to [, M,, (E;) for some number fields
E;. Then X is isogenous to [[Y;" for some abelian varieties Y; with F; C End°Y;. If we
can find an E;-stable Q-lattice V; C VY; for each i, then we may take V' = [[ V). In
other words, we have reduced to the case that u € £ C End® X for some number field E.
By Lemma ,

V=W ®q (F®¢AP)
for some Q-vector space W. Then V := W ®q E' is a u-stable Q-lattice in V.
Given u € End X, choose V as in @) We have

QNZ¥ =Z[1/p],

which we interpret as Z if p = 0. Then V' N'T is a Z[1/p]-lattice in T. Since Z[u] C End X
is a finite Z-module, the Z[u]-submodule generated by any Z[1/p]-basis of V N T is a
u-stable Z-lattice. U

3. GENERALIZATIONS AND COUNTEREXAMPLES

In Theorem [I.2] suppose that instead of fixing one endomorphism wu, we consider a
Q-subalgebra R C End® X (or subring R C End X) and ask for an R-stable Q-lattice
(respectively, Z-lattice), i.e., one that is r-stable for every r € R.
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1.

2.

If R is contained in a subring of End® X isomorphic to [ [, M,,(E;) for some number fields
E;, then the proof of Theorem shows that an R-stable lattice exists.

Serre observed that if X is an elliptic curve such that End® X is a quaternion algebra,
then for R = End® X, there is no R-stable Q-lattice in any V, since R cannot act on a
2-dimensional Q-vector space.

. If R is assumed to be commutative, then the conclusions of Theorem can still fail. For

example, suppose that Y is an elliptic curve such that End® Y is a quaternion algebra B,
and X = Y2, and

R:{(g 2) :aeQandbEB}CMQ(B):EndoX.

The ideal (J &) has square zero, so R is commutative. For each nonzero b € B, we have
(30)X=0xY, so (988)VX =0xVY,

which is of rank 2.

Suppose that there is an R-stable Q-lattice V' in VX. Let W :=V N (0 x VY'), which
is a Q-vector space of dimension at most 2. Then, for every nonzero b € B, the image
(32%)V is a 2-dimensional Q-lattice in 0 x VY, contained in W, and hence equal to W.
Thus we obtain a Q-linear injection

(35) — Hom(V/W, W) C EndV.
It is an isomorphism since
dim (§ ) = 4 = dim Hom(V/W, W).
Since dimg (§ §) V' = 2 for each nonzero b € B, we have dimg f(V') = 2 for each nonzero
f € Hom(V/W, W) C EndV,
which is absurd. Thus there is no R-stable Q-lattice in V.X.
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