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1 Questions

Let k be a noetherian ring and let X/k be a smooth projective k-scheme. Let
L be an invertible sheaf on X For each integer m, let

Hpo(X/k, L) = @ Hb(X,L®Q§(/k).
a+b=m

If k is a field, we denote by h7,, (X, L) the dimension of the finite dimension
k-vector space 117}1,”@()(/1@‘7 L). Similarly, we denote by h%*(X, L) the dimension
of H'(X,L ® Q}/k).

We wish to study how h*?(X, L) and hf1ay(X, L) vary with L, especially for
L € Pic®(X/k). In particular, we shall try to address the following question
raised by Pink and Roessler [4], to which we also refer for more background and
context for the general problem.

Question 1 Suppose k is a field and L™ = Ox for some natural number n. Is
P (X, L)) = Piag(X, L) for every i relatively prime to n?

Let (L, V) be an invertible sheaf with integrable connection. and let A7} (X, (L, V))
denote the dimension of the mth cohomology group of the de Rham complex of
(L,V). We can also ask how h’5,(X, (L, V)) varies as a function of (L, V) as
(L, V) varies in the moduli space Pic?(X/k) of such (L, V). For example:

Question 2 Let w be a closed one-form on X and let ¢ be a unit of k. Is the
dimension of h™(X, (Ox,d + cw)) independent of c € k*?

Similarly, let (L, #) be an invertible sheaf equipped with a Higgs field and
let W7 ;o(X, (L,8)) denote the dimension of the mth cohomology group of the
Higgs complex of (L,6). How does hij;o(X, (L,0)) vary with (L,6)? Here we
have the following answer to the analog of 2.

Proposition 3 Ifa is a unit of k, then h'j};(X, (L, a)) = h'};o(X, (L, 0)) for
every 6.



Proof: 1In fact there is an isomorphism of Higgs complexes:
0 0
id a a?

0 0
L —% ok, 00 5% Q% 0L

O

Remark 4 There are also some log variants which we will not make explicit.

2 Motivic interpretation of question 1

Let us attempt to interpret this question using the language of motives, in the
original sense of Grothendieck. Given X, L as above, let

n—1
A= @ L.
=0

The isomorphism L™ = Ox endows A with the structure of a coherent sheaf of
Ox-algebras. Let Y be the corresponding X-scheme. Let p,, be the group nth
roots of unity, regarded as a group scheme over Z. Then p,, operates on Y/X: if
k' /k is any k-algebra and if ¢ € p,(k’), then ¢ acts on k&’ ® A by multiplication
by ¢® on L. It seems that X is the quotient of Y by the action of this group
scheme, in various senses. By construction, the direct sum decomposition of A
corresponds exactly to its eigenspace decomposition according to the characters
of . Note that the character group X,, := Hom(u,, G,,) is cyclic of order n
with a canonical generator (namely, the inclusion p, — G,).

The action of the p, will allow us to break up Y as a sum of motives,
étale locally on k. This means, roughly, the following. Suppose that k is such
that T' := p,(k) is cyclic of order n. (For example, this is true if k is an
algebraically closed field and n is invertible in k.) We don’t want to choose
a generator for I' at this point. Then I' is an abstract discrete group and
acts k-rationally on Y/X. Corresponding to every idempotent e of the group
algebra Q[I'], we get a corresponding motive Y. Since Q[I'] = Q[un] is a
finite-dimensional separable algebra over Q, it is in fact a product of fields, and
there is an (indecomposable) idempotent e corresponding to each of these fields:
Q'] = J[ Ee. These idempotents e can also be thought of as points of the
spectrum T of Q[I']. In fact, if K is any extension of Q such that u,(K) has
order n, then

T(K) = HOmQ_Alg(Q[F], K) = HOI’HGT(F7 K*),



Ko Q[ ~ K[~ KT,

Note that T'(K) is a cyclic group of order n but it no longer has a canonical
generator. Indeed, we have reversed the roles: now our automorphism group is
discrete and its dual is a group scheme. If K/Q is Galois, then the prime ideals
of Q[I'] correspond to the Gal(K/Q)-orbits of T(K). In fact we know that this
action is through the natural action of (Z/nZ)*: an element a € (Z/nZ)* takes
t € T(K) to t* € T(K). (We are using the group structure of T'(K) but not
any generator.) Of course, these orbits correspond precisely to the divisors of
n: two elements are in the same orbit if and only if they have the same order.
In particular, the idempotents e above can be identified with divisors of n.

To clarify the meaning of the motives Y, let us suppose that k is a field of
characteristic zero and choose an embedding of £ in C. Then we have corre-
sponding Betti realizations of X and Y. In particular, the group algebra Q[I']
operates on H™(Y, Q). We can thus view H™(Y, Q) as a (finite-dimensional)
Q[I']-module, which amounts to a coherent sheaf H™(Y,Q) on T := Spec Q[rY.
By definition, H™(Y,, Q) is the image of action of the corresponding idempotent
on H™(Y,Q), or equivalently, it is the stalk of the sheaf H™ (Y, Q) at the point
of T corresponding to e, or equivalently, it is H™(Y, Q) ® E,. where the tensor
product is taken over Q[I']. If K is a sufficiently large field field as above, then

H™ (Y., Q@K = [[{H™(Y,K); : t € T.(K)}

where here T.(K) means the set of points of T'(K) in the Galois-orbit corre-
sponding to e, and H™(Y, K); means the t-eigenspace of the action of T' on
K® H™(Y,Q).

The following result is due to Pink and Roessler. Their article [4] contains a
proof using reduction modulo p techniques and the results of [2]; the following
analytic argument is based on oral communications with them.

Proposition 5 The answer to question 1 is affirmative if k is a field of char-
acteristic zero.

Proof: We may assume that k contains a primitive nth root of unity. For
each divisor e of n, consider the Hodge realization of the motive Y, defined
above. This is the image in the Hodge cohomology of Y of the idempotent
e € Q[I']. Since in fact k[I'] acts on the cohomology, we may compute in this
larger algebra. Note also that since I' C k, T(K) has a canonical generator
again: T(K) = Z/nZ. For each i € Z/nZ, there is a corresponding idempotent
e; in k[I'], and the idempotent e € Q[I'] C K[I'] is the sum over all e; such that
1 has exact order e. From the explicit description of the action of I' on A above
(and the fact that Y/X is étale), it follows that

Hiag(Ye/k) = DAH 4 (X, L) s i € Tt}

So our goal is to see that, as a module over k@ E. = [[{k :i € Tc}, Hir,, (Ye/k)
has constant rank, or, equivalently, is free. We may assume that £ = C. Now by



the Hodge decomposition for Y. (whose existence follows from the fact that the
idempotent e acting on H™ (Y, C) is compatible with the Hodge decomposition),

Hgdg(YE/C) =C® Hm(Yev Q)a

compatibly with the actions of C® E.. The action on the right just comes from
the action of E. on Hﬁdg(Ye, Q) by extension of scalars. Since E. is a field,
Hya, (Ye, Q) is free as an E.-module, and hence so is its extension of scalars. [

Remark 6 It seems unlikely that the answer to Question 1 is still true if we
look at the individual Hodge groups, but do we have an explicit example?

Let us now formulate a motivic analog of Question 1, in characteristic p.

Question 7 Suppose that k is an algebraically closed field of characteristic p
and (n,p) = 1. Let £ be a prime different from p. Is it true that each H™ (Y., Qy)
is a free Qp® E.-module? And is it true that H, (Yo /W)®Q is a free W Q E,.-
module, where W := W (k).

If K is a finite extension of Q; which contains a primitive nth root of unity,
then as above we have an eigenspace decomposition:

Ko H™Y,Q) = [[H™(Y,K)); : t € T(K),

and this question asks whether the K-dimension of the t-eigenspace is constant
over the orbits T, (K).

Suppose first that X /k lifts to characteristic zero. Then we claim that since
L is n-torsion, it also lifts to an n-torsion sheaf. By Grothendieck’s existence
theorem, it is enough to check this formally, and hence it is enough to check
that the lifting can be done step by step. If X, is a lifting modulo m + 1, we
have an exact sequence

0—-0x =0 — 0% , —0,

m—1

where the first map is induced by a — 1+ p”a. This gives an exact sequence
HY(X,0x) —— H'(Xp, O%,) —— H'(Xn, O, ,) — H*(X,0x) — 0.

Since multiplication by n is bijective on H*(X,Ox), the map r in the sequence
above induces a bijection on the n-torsion subgroups. Hence Y also lifts, as well
as the action of the group-scheme pu,, and its discrete incarnation I". Then by
the étale to Betti comparison theorems, we see that the answer to question 7 is
affirmative.

In fact, the lifting hypothesis is superfluous, but this takes a bit more work.

Claim 8 The answer to question 7 is affirmative.



Proof: Note first that this is clear if Q; ® E. is a field, by the same argument
as in characteristic zero. If (¢,n) = 1, this is the case if and only if (Z/eZ)* is
cyclic, generated by . More generally, there is a decomposition into a product
of fields Qu[I'] & J] E., where now e ranges over the orbits of Z/nZ under
the action of the cyclic subgroup of (Z/nZ)* generated by ¢ (assuming ¢ is
relatively prime to n). This shows that at least the dimension of H™ (Y, K), is,
as a function of ¢, constant over the /-orbits.

A field extension K — K’ induces a group homomorphism 7'(K) — T(K'),
which is necessarily compatible with the action of Z/nZ*. If V is a K[['-module
and V' := K'®V, then V! = [[{V}, : t' € T(K')}, where V), = K' @k V; if
t maps to t’ via the above map. Thus if the dimensions of the V; are constant
over the (-orbits, the same is true of the dimensions of the V;,. We have seen
that, if (¢,n) = 1, this is true for V := K @ H™(Y, Q). Now a theorem of
Katz and Messing [3] (later Fujiwara) says that for any v € T', the trace of «
acting on H™(Y, Q) is independent of ¢. Since I is a finite group, this means
that the isomorphism class of V' as a I'-module is independent of ¢. Hence the
constancy of the dimension holds for all £ relatively prime to n, and hence for
all ¢ relatively prime to n. The same holds in crystalline cohomology too, by
Katz-Messing-Fujiwara. U

What does this tell us about Question 17 If (p,n) = 1 and k is algebraically
closed, WI'] is still semisimple, and can be written canonically as a product of
copies of W, indexed by i € T(W) = Z/nZ. (Here we have a canonical generator
again, using the Teichmiiller liftings I' — W.) For every t € T(W) = T'(k), we
have an injective base change map from crystalline to de Rham cohomology:
ke H"(Y/W)y — H™(Y/k);.

Question 9 In the above situation, is H1(Y /W) torsion free when (p,n) =12

If the answer is yes, then the maps k ® H™(Y/W); — H™(Y/k); are isomor-
phisms, and this means that we can compute the dimensions of the de Rham
eigenspaces from the f-adic ones. Assuming also that the Hodge to de Rham
spectral sequence of Y/k degenerates, this should give an affirmative answer to
Question 1. Note that if X/k lifts mod p?, the same is true of Y/k, and if the
dimension is less or equal to p, the latter is true by [2].

Of course, there is no reason for Question 9 to have an affirmative answer
in general. Is there a reasonable hypothesis on X which guarantees it? For
example, is it true if the crystalline cohomology of X/W is torsion free?

3 The p-torsion case in characteristic p

In this case we can reduce question 1 to question 2, using the following con-
struction of [2].



Proposition 10 Let L be a an invertible sheaf on X/k and let V be the Frobe-
nius descent connection on LP. Suppose that X/k lifts to Wo and has dimension
at most p — 1. Then for every natural number m,

pr(X/k, (LP,V)) = hi14,(X/k, L).
In particular, of LP =2 Ox and w := V(1), then for any integer a,

trag(X/k, L") = hpp(X/k, (Ox, d + aw)).

Proof: Let F: X — X’ be the relative Frobenius map, let m: X’ — X be the
base change map, and and let Hdg}(,/k denote the Hodge complex of X'/k, i.e.,

the direct sum @iQ&,/k[—i]. Recall from [2] that, thanks to the lifting, there is
an isomorphism in the derived category of Ox/-modules:

Hdg}(f/k = F*(QX/k)

Tensoring this isomorphism with L’ := 7#*L and using the projection formula
for F', we find an isomorphism

Hdgy, ), ® L' = F.(Qy, ® LP).

Here (Q /k® L?) is the de Rham complex of LP with its Frobenius descent
connection V. Hence

Fy HE g (X/k, L) = Higg (X' [k, L) = Hpp(X, (LP, V).

O

Theorem 11 Let k be a field of characteristic p, and suppose that X/k is
smooth, proper, and ordinary in sense of Bloch and Kato [1, 7.2]: H (X, Bg(/k) =
0 for all i,j, where

. .- )
Bg(/k =1Im (d: Q]X/k — Q]X/k) .

Then the answer to question 2 is affirmative. Hence if X/k lifts to Wy and
has dimension at most p — 1 and if n = p, the answer to question 1 is also
affirmative.

Proof: Note that some properness is necessary, since the p-curvature of V,, :=
d 4+ w can change from zero to non-zero as one multiplies by a constant.

Lemma 12 The standard exterior derivative induces a morphism of complexes:

(@, dy) — (@, d)[1]



Proof: 1If « is a section of Qg(/sv

dd,(a) = d(da+wAa)
= dda+dwNaoa—wAda
= —wAda
and
dyd(a) = —(d+wN)(da)
= —wAda

Lemma 13 Let Z' :=ker(d) C (Q',d,) and B" :=Im(d)[-1] C (Q",d,). Then
for any a € k*, there are natural isomorphisms

(Z.’dw> i (Z.adaw)

(B dy) —2s (B, dyy)

Proof: 1t is clear that the boundary map d,, on Z' and on B’ is just wedge
product with w. Let C": Z)l(/s — Qk,/s be the Cartier operator and let v’ :=
C(w). The inverse Cartier isomorphism

071:Q§,/S — HY

is compatible with cup product, and it follows that the complex (H',d,,) can be
identified with the complex (€, g, w’A). Then A, is defined to be multiplication

by a' in degree 4, as in the proof of proposition 3. O
We have exact sequences:
0—(Z,d,)— (,d,) — (B,d,)[1] =0

0— (B,dy) — (Z',dy) — (H',dy,) — 0

Now suppose that X/k is ordinary. Then the E; term of the first spectral
sequence for (B',d,) is B}’ = H/(X, Bé(/k) = 0, and it follows that the
hypercohomology of (B",d,) vanishes, for every w. Hence the natural map
HY(Z ,d,) — H(Q,d,) is an isomorphism. Since h%(Z",d,,) is unchanged
when w is multiplied by an invertible scalar, the same is true of HY(2',d,,).
This completes the proof of theorem 11. O



4 More questions

What can we say if L™ = Ox and p||n in characteristic p? Did we have an
argument, maybe assuming that the covering of X defined by L? is ordinary?
Can we say when this is true?

It would be nice to eliminate the ordinarity hypothesis in 11. Here is an
attempt at a start.

Let X/S be a smooth morphism and let w be a global one-form. Then
wedge product with w defines a (Higgs) complex (2',w). Suppose that w is
closed. Then for any g-form «, d(w A @) = —w A da. Thus if « is closed (resp.
exact), the same is true of w A «, and there are exact sequence of complexes:

00— (Z,w)— (Q,w) — (B,w)[1l] =0 (1)
0—(Z,0)— (2,d) — (B,0)[1] —0 (2)
0—(Z,w) = (Q,d+w) = (B,w)[1] =0 (3)

We get corresponding morphisms in the derived category:

There is also a morphism
b, :=aq: (B ,w) — (Z",w)
which is just the inclusion mapping. We aren’t going to use (2).

Claim 14 a3 = a1 + a4 i.e., 0, = a,, + b,,.

For example, suppose that X is affine and of characteristic p. Say 8 € BIT1(X)
and w A 3 = 0. Since X is affine of char p there is an a € Q%(X) with da = 3.
Then d(wAa) = —wA B =0, and a;(3) is the class of wAa in HITH(Z",w). On
the other hand, (d + w)a = 8+ w A a = a4(B) + a1(B). This proves the result
in cohomology (but not in the derived category) in this case. If X is not affine
(but separated and of finite type) we can choose an affine covering U of X to
compute hypercohomology. A Cech cocycle 5 of degree n in C™(U, B'[1]) can
be written as a sum § = ZH_]:n B4, where 3% € C*(U, B’*1); the cocycle
condition says that

D> (wA B + (1) 0p"),

where 9 is the Cech boundary map. Choose o' € C*(U,Q?) such that da™’ =
B%3. Then as of the class of 3 is the class of

Z(d +wA)a + (=1)79a"! = Zﬂi’j +wAa + (=1)9a",



as claimed.

To make this work in the derived category, we work with mapping cones. Let
C,, denote the mapping cone of the inclusion Z;, — €2, and let C,, , denote the
mapping cone of Z;, — €2, . I claim that there is an isomorphism of complexes

b Cayy — C,
which in degree q is the map
Vozit Qe 27 (a,9) = (o, y — da).
Let’s check that this is really a morphism of complexes.
dC'w (bw (a7 ’7) = d(a7 Y= dOé)
= (wWAha—vy+da,—wAy+wAda)
budoy,.,(a,y) = dulda+wha—vy,—wAy)
(da+wha—7y,—wAy—d*a—dwAa))
(da+wha—vy,—wAy+wAa)

Now we have a commutative diagram

s f—t

B~ Z.1)
id b id
B o, Lz,

where the maps s and f are the standard maps and g is the map («,7) — da.
The map s send (a,7) to doa and is an isomorphism in the derived category. I
think this proves the claim.

Now if w’ = tw, (where t is a unit) let

0p:(Z,w) = (Z",w")

be the map which is multiplication by t? in degree q. There are similar maps
for (B",w) and (", w) I guess that a4 is compatible with 6, but that a; induces
t1o.

Claim 15 Suppose that W' = tw, where t is a global unit of S. Then there are
commutative diagrams

w . . bUJ .
HYB'w) -2+ HY(Z',w) HYBw) - HY(Z ,w)

) )

9,5 9,5 et at
.y ta/(_u’ . / .y bw’ . /
HYBWw') — HY(Z',w") HYBW')— HYZ )

in which the vertical arrows are isomorphisms.



Proof: There is a commutative diagram:

0 . 7 . QL - B.[1] . 0
0, 0, 6,
0 > Z(:J/ > Q(..d/ > B‘;}/ [1] > 0

This gives a commutative diagram

HOY(B W) 4 HIY(B',w)
t9t et

HUY(B W) S HO (B W),
which is the first diagram in the claim. The proof of the second diagram is

similar but easier. O

Corollary 16 Suppose w is a global closed one-form. Then

0w =0y, +b,.H(B ,w) — HI(Z ,w),
where a,, and b, are the maps described above. If w' = tw, and if the isomor-
phism 0, is used to identify H1(B,,) with H1(B.,) and HY(Z,) with H1(Z,),

w w’ w
then
O =t tay, + by,

Question 17 Does the rank of ta + b change with ¢t7 This is not clear to us.
Of course, in the ordinary case, the source is zero, so the answer is yes. One
way this could be true more generally is if a,, and b, have disjoint images. Let’s
look at these maps in degree 1. The first of these factors through the first level
of the "filtration bete”, so that the composite map

H'(By) — H'(Zw) — H'(Z,) = H'(Ox")

is zero. On the other hand, we claim that the second map when composed here
is injective. This is because it factors as the composite of the map

H'(B[1]) — H'(B")

(which is injective) followed by the boundary map associated to the exact se-
quence
0—>OX/ —>Ox—>Bl—>0,

and the map H°(Ox/) — H%(Ox-) is bijective.
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