Math 54 Name:

Fall 2017
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This exam contains 9 pages (including this cover page) and 10 problems. Problems are printed on

both sides of the pages. Enter all requested information on the top of this page.

This is a closed book exam. No notes or calculators are permitted.
We will drop your lowest scoring question for you.

You are required to show your work on each problem on this exam. Mysterious or unsupported
answers will not receive full credit. A correct answer, unsupported by calculations, explana-
tion, or algebraic work will receive no credit; an incorrect answer supported by substantially correct

calculations and explanations will receive partial credit.

If you need more space, there are blank pages at the end of the exam. Clearly indicate when you
have used these extra pages for solving a problem. However, it will be greatly appreciated by the
GSIs when problems are answered in the space provided, and your final answer must be written

in that space. Please do not tear out any pages.

Do not write in the table to the right.

Problem | Points | Score
1 10
2 10
3 10
4 10
5 10
6 10
7 10
8 10
9 10
10 10
Total: 100
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1. (10 points) Consider the matrix
1 1 2
A, = |z 2 3
0 11

(a) (5 points) Find all values of x such A, is invertible.

Solution: We compute the determinant.

L2 1 2 11
z 2 3| = 3 9 =x—1
01 1 v v
Therefore, A, is invertible as long as x # 1.
(b) (5 points) Compute A"
Solution: We proceed by row reduction.
1 1 2|1 0 O 11 2|1 00 10 1|1 0 -1
223010 ~00 -1{-2120(~|011|0 0 1
01 1j]0 0 1 01 1 0 01 00 12 -1
1 oj-1 1 -1
~0 1 0/-2 1 1
0 112 -1
Therefore,
-1 1 -1
At=1-2 1 1
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2. (10 points) Consider the matrices

5 —1 2 5 -1 2
A=|-1 5 2 B=|-1 &5 2
2 2 2 2 -1 2

(a) (2 points) Which of these matrices is orthogonally diagonalizable?

Solution: A is orthogonally diagonalizable since A is symmetric. B is not orthogo-
nally diagonalizable since B is not symmetric.

(b) (2 points) Find the eigenvalues of the orthogonally diagonalizable matrix from part (a)

Solution: We have

det(A—X)=| -1 5-X 2

2 2—-A 2 2—-A

5-A 2 | -1 2
“eoafy | ;s

77
=(5-ANA\=TA+6)+\—6+ —24+ 4\
= -3 4+ 12)\% — 36\
“A\? — 12X +36) = —A\(A — 6)?

so the eigenvalues are 0 and 6.
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(c) (6 points) Find an orthogonal matrix P consisting of eigenvectors of the orthogonally
diagonalizable matrix from part (a).

Solution: We start by finding an orthogonal basis of each eigenspace. For Ej, we
find the null space of A.
5 -1 2 1 -5 =2 10 1/2
-1 5 2|~ |0 24 12|~ |0 2 1
2 2 2 0 12 6 00 O
-1
SO -1 is an orthogonal basis for Ey. For Fg, we find the null space of A — 61
2
-1 -1 2 11 -2
-1 -1 2| ~(0 0 O
2 2 -4 00 O
1 2
Thus, —1],10 is a basis for Fg. Applying the Gram-Schmidt algorithm gives
0 1
1 1
that 11, (1 is an orthogonal basis for Fg. Normalizing, we get
0 1
-1/vV6  1/vV/2 1/V3
P=|-1/V/6 —1/vV2 1/V3
2/v/6 0 1/V3
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3. (10 points) Label the following statements as True or False. The correct answer is worth 1
point and a brief justification is worth 1 point. Credit for the justification can only be earned
in conjunction with a correct answer. No points will be awarded if it is not clear whether you
intended to mark the statement as True or False.

(a) (2 points) If o is the largest singular value of an m x n matrix A, then [|Av|| < oljv]|| for
all v € R where [Ju]| = Vu - u.

Solution: True.

By the singular value decomposition, there is an orthonormal basis {vy,...,v,} of R”
and an orthonormal basis {u1,...,uy,} of R™ such that Av; = o;u; and o; < o are
the singular values of A. Then, For any v = c1v1 + ... + ¢,v,, we have

Av-Av=ciot+ ...+ o2 <d* (A +...+E)=0%v-v

as desired.

(b) (2 points) If A and B are similar n x n matrices so that A = PBP~!, then Py(t) is a
solution to z/(t) = Ax(t) for any y(t) such that y/(t) = By(t).

Solution: True.
We have 3/ (t) = By(t) = P~1APy(t). After applying P to both sides, we get Py’ (t) =
APy(t) as we needed since %Py(t) = Py'(t).

(c) (2 points) Only square matrices can be squared.

Solution: True.
In order for A? to make sense for an m x n matrix, we must have m = n.

(d) (2 points) If (-,-) is an inner product on R™ such that (v,v) = v -v for all v € R" then
(u,w) =u-w for all u,w € R".

Solution: True.
By properties of inner products, we have (u, w) = 3 ((u 4+ w,u + w) — (u,u) — (w, w)) =
H(utw) (utw)—u-u—w-w)=u-w.

(e) (2 points) The set of solutions to y” + by” + ¢y + dy = 0 is always a vector space of
dimension three.

Solution: True.

The solutions of a homogeneous equation always form a vector space so we need to
check the dimension. The solutions of this equation can recast as solutions to an
equation of the form z/(t) = Az(t) where A is 3 X 3 matrix by setting x1 = y, 29 = v/,
and x3 = y”. Such an equation always has a 3-dimensional solution space spanned by
the columns of a fundamental matrix (such as e?).
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4. (10 points) Consider the function on R?® given by

3
sy = 3 Mt

m=1

for z,y € R3.
(a) (3 points) Show that this is an inner product on R3.

Solution: We need to check four properties: xxy =y*z, (z+v)xy=z+y+v*y,
(cx)xy = c(x*y), and xxx > 0 and only zero when x = 0 for z,y,v € R? and ¢ € R.

For the first, we have

3 3
TryY = memym = Zmymmm:y*x.

m=1 m=1

For the second,

3 3 3
(x+v)*y = Zm(a:m+vm)ym: memmer vamym =zTxy+v*xy.

m=1 m=1 m=1

For the third,

3 3
(cx)xy = Z MCLiYm = C (Z mxmym> = c(x *xy).

m=1 m=1
For the last 5
TxT = Z mm?n >0
i=1

since each term is positive and equal to zero only when z% = 23 = 23 = 0, i.e., z = 0.
We have verified that this is an inner product.
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1 0
(b) (4 points) Find an orthogonal basis for V' = Span¢ [1]|,| 1 with respect to the x
1 -1
inner product.
Solution: We apply the Gram-Schmidt procedure. We have
1
uyp = 1
1
and
1 0
1|1
0 d ol _, [ I
wp= 1| -t [ = L = 1 = T
1 o O T O 1 -5
1| % |1
1 1
form an orthogonal basis of V
0
(c) (3 points) Find the closest vector in V' (from (b)) to z = [0| when the distance is
1

computed with the x inner product.

Solution: The closest vector is the orthogonal projection. To simplify computations,
we replace up, ug from part (b) with the orthogonal basis w; = uj, wy = 6uy. We have

Pro; ( ) T * Wi n T * Wo 1 5 1
Iro ) = w Wo = —W1 — — W9 = —
v wirw, Y g wwy 2T 2N T 58?2 T R
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5. (10 points) Suppose that U is an orthogonal n x n matrix that is orthogonally diagonalizable.
(a) (4 points) Show that the only eigenvalues of U are £1.

Solution: Since U is orthogonal, U7 = U~!. Since U is orthogonal diagonalizable, U
is symmetric U7 = U. Thus, we have U? = I. If v is an eigenvector with eigenvalue
A, we have

No=U%=0v

so A2 = 1. That is, A = £1 as desired.

(b) (3 points) Show that if U has only 1 as an eigenvalue then U is the n x n identity matrix.

Solution: In that case, we can diagonalize U to get
U=PIP ' =pPP =]

since the only eigenvalue of U is 1.

(c) (3 points) Give an example of an orthogonal and orthogonally diagonalizable matrix U
with entries other than £1.

Solution: One simple example is

"=l
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6. (10 points) Suppose that y; and yo are solutions to y” + b(t)y' + c(t)y = 0 and W(t) =

Wy1, y2](t) is their Wronskian.

(a) (4 points) Using only the defintion of W (t), show that W (t) satisfies the equation
W'(t) = =b(t)W (t). Deduce from your calculation that if W(0) # 0 then W (t) # 0 for all

t.

Solution: We have that

Differentiating, we get

W'(t) = y1(D)ya(t) + y1(B)ys (t) — ya (B () — y2(t)y1 (t)

= y1(t)[ = b5 (t) — c(t)ya(t)] — ya(t) [ — b)Yy (t) — c(t)yr(t)]

= b(t) (51 (H)y2(t) — va(t)ya(t) = bYW (2)
as desired. This computation shows that
W(t) = Ce Jo ¥ ds
is never zero if W(0) = C # 0.
(b) (2 points) Show that if y;(¢) # 0 then
o) -2
1 (y1)?
Solution: We compute
(3/2)' vy W
Y1 (y1)? (y1)?

using the product rule.
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(c) (4 points) Given that yi(¢) = e % is a solution to y” 4 4ty + (4t + 2)y = 0, find another
linearly independent solution using parts (a) and (b).

Solution: By part (a),
W(t) =Ce™ Jobls)ds — g2t

By rescaling the unknown linearly independent solution, we can assume that C' = 1.

By part (b), we get that
Yo I em2t?

ya(t) = tyr (t) = te ",

Thus, we can take
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7. (10 points) Consider the differential equation " — 6y"”" + 14y" — 14y’ + 5y = 0.

(a) (6 points) Find the general solution of the above differential equation. (Hint: r =241 is
a root of the characteristic polynomial.)

Solution: By the standard substitution x1 = y,29 = ¢/, 23 = v”, and 24 = v/, we
can translate this to an equation of the form z/(t) = Ax(t) where A is 4 x 4 matrix
with characteristic polynomial is 74 — 73 + 1472 — 147 + 5 = 0. We know that 2 + i
is a root so 2 — ¢ must also be a root since we are working with a real polynomial.
Therefore, (r — (2 +1))(r — (2 —i)) = 72 — 4r + 5 divides the polynomial. Doing long
division gives that

4 14r? — M+ 5= (r* —4r +5)(r2 = 2r +1)
so the only other root is the double root r = 1. Thus, the general solution is

y(t) = Cre® cos(t) + Cye? sin(t) + Csel + Cytel.

(b) (4 points) Solve the initial value problem where y(0) = 1,4/(0) = 3,y”(0) = 5, and
ylll(o) — 5

Solution: From the general solution in the first part, we calculate
y'(t) = (2C) + Ca)e*t cos(t) + (—C1 + 205)e* sin(t) + (C3 + Cy)e’ + Cyte',

Y (t) = (3C1 + 4C5)e* cos(t) + (—4Cy + 3Ca)e? sin(t) + (O3 + 2C4)e" + Cyte',
y"(t) = (201 + 11Cy)e* cos(t) 4+ (—11C + 2Cy)e?t sin(t) + (Cs + 3Cy)e! + Cytet.

By putting ¢t = 0, we get a system of linear equations corresponding to an augmented
matrix which we row reduce below.

1 0 10]1 10 1 0]1 10 1 01
2 1 1 1|3 0 1 —1 11 01 -1 1|1
3 4 1 2|5 7o 4 —2 221 7 loo 2 —2|-2
2 11 1 3|5 0 11 -2 3|3 00 10 -8|-8
10 1 0]1 10001
ot =1 a1 o1 0 ofo
00 2 —2/|2 00100
00 0 22 000 1|1

~+

So the solution to the IVP is y(t) = e* cos(t) + te
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8. (a) (4 points) Find a basis of solutions to the system

< (t) = E _11] x(t)

Solution: Since A = 0 1 ] is upper triangular, its eigenvalues are the entries on

the diagonal. We compute the eigenspaces.

1 -1 1
E; = Nul(A — 1d) = Nul [0 0 } = span [J

0 -1 1
Ey = Nul(A — 2Id) = Nul [0 _1] = span [O]

Therefore a basis of solutions to the given system is
1 1
¢ 2t
SR}

(b) (6 points) Find a particular solution to

Solution: Variation of parameters tells us that we can find a solution of the form
X (t)v(t) where

and v(t) is a vector satisfying

0

We therefore find that v'(t) = |:t£)1:|7 and so we can take v(t) = [log It|

]. This gives
us the solution o
X (t)o(t) = [e lggltl}
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9. (10 points) Consider the heat equation

ou 9%u

ot T 0x?

(a) (6 points) Find the solution defined for 0 < z < 7 and ¢t > 0 that satisfies u(0,t) =
u(m,t) =0 and u(z,0) = sin(3z) — 5sin(5x).

Solution: The general solution with L = 7 and 8 = 2 and Dirichlet boundary condi-
tion is given by

> 2
Z cn sin(nx)e 2"t
n=1

For u(z,0) = sin(3x) — 5sin(5z), we must have that the ¢, are the coefficients of the
Fourier sine series of this function. However, sin(3x) — 5sin(5z) is already a sine series
so we get ¢ = 1,¢5 = —5 and all the other coefficients vanish. Therefore,

u(z,t) = sin(3x)e 18 — 5sin(5z)e >,

(b) (4 points) Suppose that v(z,t) is the solution defined for 0 < x < 7 and ¢ > 0 that
satisfies v(0,t) = 0, v(m,t) = 1 and v(z,0) = sin(3z) — 5sin(5z). Find tlim v(x,t).
—00

Solution: We can write
T
v(z,t) = w(x,t) + =

where w(x,t) is a solution to the heat equation satisfying the Dirichlet boundary
conditions and w(z,0) = sin(3z) — 5sin(5z) — £. Thus, we see that v(x,t) will be of

the form .
v(x,t) = LA Z by sin(n:n)e_%zt
g n=1

where the b,, are the coefficients of the Fourier sine series for w(x,0). Therefore,

[e o]

lim U(;U,t) = i + lim by, sin(mc)e*Q”Qt _ x +0=
t—o0 T  t—o0 = T

T
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10. (10 points) Consider the function ¢(s) = >.°° | L. Euler famously computed ¢(2) = 72/6 in

n=1 ns
1738. Evaluate ¢(4) by computing the Fourier series of f : [, 7] — R, given by f(z) = 7% —2*.
You may assume Euler’s result.

Solution: Since f is even, b, = 0 for all n. We now compute the other coefficients. We

have .

™ 1‘5
aU:/ (7t — 2y dx = 7'('453—3

—T

and for n > 1,

s ™ s
/(7r4—x4)cosn:rdx:7r4/ cosna:d:n—/ z* cos nx dx

—T —T

i 4 T
- — 22 sinnx dx
n —T

—T

T 3 T
+ — / 22 cosnx dx}
n —TT

—T

- 3 ()3 — T
_<7T cosnm — (=) cos( nﬂ))—l—g/ xzcosnxdx}

n n

r —1)72 3 3 ™
— <()7T> + / z? cosn:ndx]
n nJ_,

™

—1)nt18x3 12 [2?sinnx 2 /7r , }
I — — - — rsinnx dx
DS [

n?| n
s 1 s
+/ cosnxd:r]
o on)

(=1)"H8x3 24 [ —xcosna
(=1 tiegd N 24 -<7TCOS77,7T — (—m) cos(—nw))}

-7
-4
T sinnxe

n

3

I~ Ccosnx

n

—T

S| 31k 31~

—~

n |  n
n

B (_1)n+17r8(n27r2 — 6)'

Thus,
At —
g z:(—l)"L cos nx

is the Fourier series of f, and because the 2m-periodic extension of f is piecewise differen-
tiable and continuous at 7 with f(7) = 0, we have

4t =1 1
1 n=1

n—=

Rearranging the above, it follows that
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Extra space.



