Math 54 Quiz 13 Sample Nov. 20, 2015

Name and section:

1. (5 points) Give the general solution to the following equation:
{y’l(t)} _ {1 2} [yl(t)]
)] (2 1] [3(0)

9 ﬂ are 3, —1 and corresponding eigenvectors are {H , [_11]

for example. Then the general solution is

y(t) = A m + Be! [_ﬂ

Solution:The eigenvalues of



2. (5 points) Find all possible real values for A such that ODE A\y” +y = 0 with boundary
value y(0) = 0,y(7/2) = 0 has non-trivial solution.

Solution:Let’s discuss three cases.

If A = 0 then the ODE becomes y = 0 which obviously has only trivial solution. So this
is not the case.

If A # 0 then divide on both sides by A, we have 3"’ 4+ (1/A\)y = 0. The characteristic
polynomial is 7% + 1/A = 0, so depending on the sign of A\ we have two more cases:

If A <0, then —1/X > 0 and the roots will be y/—1/\ and —y/—1/A. Then the general
solution is
y = Ae\/—l/)\t_i_Be—\/—l/)\t
Then y(0) = A+ B,y(r/2) = AeV Y /21 Be=V~YA™/2 The boundary value condition
1 1

1S Now
A 10
e,/—1/A7r/2 V-T2 1Bl T |0

The determinant of the coefficient matrix of the above equation is non-zero because

V=1/Am/2 #0,\/—1/ /2 # —\/—1/Ar/2. Thus we ruled out the case A < 0.
If A > 0, then the roots will be y/1/Ai and —/1/Ai. Then the general solution is

y = Acos(y/1/At) + Bsin(1/1/At)

Now by boundary value condition, y(0) = 0, which means A cos(0) + Bsin(0) = A = 0.
By another boundary value condition y(7/2) = 0 where

y(/2) = Acos(r/1/ r/2) + Bsin(y/1/ 1 /2) = Bsin(y/1/Ax/2)

since we already know that A = 0.

Now we can’t let B be 0, otherwise we will have trivial solution. Then sin(1/1/A7/2) = 0.
We know that for sin(z) = 0, all possible solutions are x = nr for integers n. Then
\/1/A7/2 must be nm for integers n. Then the possible values for A are 1/(4n?) for all
integers n.
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