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Definition 6.1.4. An M L is an sc® surjection p y/ﬂ X between two M-polyfolds
together with a real vector space structure on each fiber YV, = pil(;r.) C Yoverx € X such
that, for a sufficiently small neighbourhood U C X of any point in X there exists a local sc-
trivialization ® : Y O p~ ! (U) — R. The latter is an sc¢> diffeomorphism to an sc-bundle retract
R = Upeo{p} X R, C E x I that covers an M-polyfold chart ¢ : U — O C E in the sense that
pro o® = ¢ o p, and preserves the linear structure in the sense that ®[y, : Vi — {6(x)} X Ry
is an isomorphism in every fiber over x € U.
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Definition 6.1.1. Ler O C [0, 00)* x E be an sc-retract with corners in the sense of Definition 5.3.4,
and let F be an sc-Banach space. Then d sc-bundle retract over O in F is a family of subspaces
(R, C F)yeo that are scale smoothly parametrized by p € O in the following sense: There exists a
sc-refraction of bundle tvpe,

Sgastion P (vey Toe

(10) UxF — [0,00)" xE xF, (v.e,f) — (r(v.e). 1, . f).
given by a neat sc-retraction v : U — [0,00)% x E with image r(U) = O and a family of linear

projections 1, .y : F — T that are parametrized by (v, ¢) € U, and whose images for p = (v.e) €
O are the given subspaces 11,,(F) = R,.



Definition 6.2.8. An sc™ section s : X — Y of an M-polyfold bundle is a sc-Fredholm section if s
is reeularizin®in the sense of Definition 6.1.8 and for each x € X, there is a local sc-trivialization
b : p~HU) = R in the sense of Definition 6.1.4 over a neighbourhood U C X of x with &(x,0) =
0, such that ®.s has a Fredholm filling in the sense of Definition 6.2.7. @ i, bivializations:
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Definition 6.2.7. Let s : O — R, s(p) = (p, f(p)) be an sc™ section of an M-polyfold bundle
model pry, : R — O as in Definition 6.1.1, whose base is an sc-retract O C [0, 00)* x E containing
0 € [0,00)% x E, and with fibers R, C F for p € O. Then aFredholm filling at 0 for s over O
consists of
e a cnnsc-retraction of bundle type R : U x F — U x F, R(p. h) (?‘(p). th) on an open
subset U C [0, 00)" x E such that r(U) = O and 11,F = R, forall p € O,
o an sc>® map [ : U — F that is sc-Fredholm at 0 in the sense of Definition 6.2.4,
with the following properties:
() flo = f: ) ?K - T0=F'w)
(ii) if p € U such that f(p) € R, then p = r(p), that is p € O;
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(iii) The linearisation of the map [0,00)¥ x E — F, p + (idp —H_,,(p))f(p) at each p € O
restricts to an isomorphism from ker D7 to ker I1,,. - ‘

v u | WD (d-Th)FMI) -
ke D, (Dom3) AT,

n "
RE = HOOT,0M > Y <=5 Ep < §05 = F
mDPVIé&fDPr imm@’a"_”;,

Df = D(T[of) +D((ed-T)eE) = T, oDE + (id-Th,)eDT

ot (vo, 5o € F 0O _ “"**jo oyt

Trv.oD'F leb Trv.o'D.Fl.r p’L .
o IP

No{e: If l:smnorphl'ﬂn = (‘D-F— so.q'cdl:vv_ & m.‘D?l-,;@ S‘hrJed.‘ivc)

TOeTo — 0 &;



Definition 6.3.1. A scale smooth section s : X — Y is called transverse (to the zero section) if
for every x € s7Y(0) the linearization D, s - T, X — Y, is surjective. Here the linearization D, s
is represented by the differential Dy (1L o for)|r,, o @ TynO — L, (F) in any local sc-
trivialization p~(U') & UpEO I1,(F) which covers ¢ : X DU = O = r(U) C E and transforms
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Theorem 6.3.2 ((HWZ2], Thm. 5.14). Let s : X — Y be a transverse sc-Fredholm section.
Then the solution set M := s~1(0) inherits from its ambient space X a smooth structure as finite
dimensional manifold. Its dimension is given by the Fredholm index of s and the tangent bundle is
given by the kernel of the linearized section, T .M = ker D.,.s.
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Theorem 6.3.7. ([HWZ2],Theorem 5.22) Let pr = Y — X be a strong M-polyfold bundle modeled
on.sc-Hilhert spaces, and let s : X — Y be a proper Fredholm section.
(i) For any auxiliary norm N _: Y1 — [0, 00) and neighbourhood s~ *(0) C U C X controlling
compactness, there exists an sait -section 17 = X — Vi withsupp v C U and sup,cy N(v(x)) <
1, and such that s + v is transverse to the zero section. In particular, (s + 1/)*1( 0) carries the
structure of a smooth compact manifold.
(ii) Given two transverse perturbations v; : X — Y fori = 0.1 as in (i), controlled by auxiliary
norms_and neighbourhoods (N;, U;) controlling compaciness, there exists an sc™ -section 7
X x [0,1] = Yy such that {(x.t) € X x [0,1]| s(x) +V(x, )} is a smooth compact cobordism
from (s + 1v9)~1(0) 10 (s + 1) 1(0).
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