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Gromov-Witten invariants for general symplectic manifolds

Bernd Siebert

Abstraet transversality . . . . ..
Localized Euler classes on Banach nrhlfnhu.

Theorem 0.1 Let (M w0l he o elosed spmplectic marifold wnith o fome almost comples
structure J. Then the spoce CLMCplof stable sommetoized marked compler curves o M
efsabolen slnss I,'f (Definttion 5.1) 18 o Banach orbifold. Moreover, there 19 o Banach or-
bitundle E over C(M: p) with fiber LP{C:; 0" Ty @0e) 0 (Con={z1, . ,;;5;,-,, 0 = M)
unth an oriented Kwronishi section s (Definifion 1.15) wifff 5[0, x, ) = Ay The zero
locus of s i the sef LM T of stable pseuwds holomorphic curoes W 0. (Defini-
tion 3.5). whick 1 o locally finife dimensional Hovedorff space with rompost components,

Let My g be the modoli spaceaf Deligne-Mumford stoble k-marked algebraic curves of
genus g, with the conventions Mg e = {pt}lwhenever 2g 4+ & < 3. The localized Buler
rlass G'Ir‘l-’;:r,;'r e H,(C" (M, J1| associated to (E,s) (Theorem 1.21) gives rise to GW-
correspondences [Definttion 7.2)

t
i ¥ 1. 0
GH;-{. Y (M)EE ”-{J""f-s*-*‘-r: =R

that are meariants of the symplectie defbrmafion fype of (M, w). They coineide with the
ones defined in [RuTi2] in case (M, w) is~\emi-posifive.

M

cp' %
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¥= 00

e¥)= M
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via abstract Puﬁ.ﬁcﬁon.r/ ‘virtual " Lardometd dass
H=510) | [eo7w)] [[Betz) = D]

what (s the abstract Form of sections 2 "Banach ovbifrtd "

Lg. when 3,40 2 y "kum»c‘rlu' section"

— why olees lari gation theorem hotd Z
y o059 " Ewler nss”

how (s S constructed for Pmudylw(o:norfht‘c curve "w(k&':fhzs?
E From Locsl Fredidm descriptions

in basic example At (A =fwplam| (P =M
Ep: M5 P, pleo) =)
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Definition 3.1 A {marked, poremrmefrized | compler curve fI]JM s & triple (O, x.5) with
(O, x) & marked prestable curve and w: € — X a continuous map.

A morphism (O, x, 10} — (07 %' 12" is & holomorphic map @ @ 0 — O with ' ol = 45
P{x) = x' [ns tuples). This defines the sets Hom ((C, x, ). l:l“' x', o)) and Aut(C, x, 1) C

Aut [, x). .‘.—
— HM(C? "Cnb-_ab t-::mpc::wn‘\(.sﬁ ph

[C,x,40) is called stable 1f thL restriction of » to ar C{Ox
1= non-constant. We write O %) for the space of somorphism r1 aszes of © U:rnpltx curves in

X and —by abuse of notation— (O, x,5) € C[X). Co("' x
cm;p) %‘t

Definition 3.2 Let 2 < p < oo, The subset of S8 of stable fmarked, parometrized |
compler curves of Soboler closs LY in M is defined ss set N (isomorphism elasses of ) curves
€, x, ) € C{X) with:

s € Dt W'P(C M) W"f(lf‘\l"\/)

2. aren,(yw|p) = 0 for any unsteble component D C [, x). M

The condition of positive area I= of course independent of the cholee of p.

Deﬁnitiun H- 5 Let (M, J) be an almost complex manifold, J the slmest complex strue-
ture, (O x, ) € ClM) is called peeads holomorphie funth regpect to J ), or J-holomorphic
if for any Lr:rc.dm.:lb]:. component D of O, o|p 0 D — M is & morphism of slmost complex
manifolds. The subset

basce €xam
|

C=Ff

X = 60

(p: ]T'—?M ﬁo
mor: Au‘l;m"m)

net fincle

W' n
M= l.“.."'“:l-_'.‘r!:...’] = {{C,x,¢] € C(M] J-holomorphic} /isomorphism  C t(M.P) = w (“4\’;‘

of C{M) is the space of {marked, parametrized) steble pseudo holomorphic curves on M
with respect to J. o
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Now let X he p Hansdorf space. If M = {7 b2 15 8 covering of X by open sets we can X = C(M. f)

form a category T{W) © Sets with objects [0 and a morphism U — U for any inclusion

Uy o U, If for any 4, § there mdsts & with U © U300 we call & fine @ s \ ¢

and X G Vial; Nid W Ui - ‘7(”&
Definition 1.2 A /Banoch | mektfald sfruefure on o Havsdorf space X s & fine covering N
& of X and a functor O T() — LUS with @ o @ = Idyqy and with &(:) an open

embedding for any ¢ © Hom (T (1)), = U ’u £
\ . (he

Definition 1.1 Let CUS be the category whose objects consist of ¥l i ¢
[locad wniformizing systems) with

# [7 is an open set in some Banach space T

o . A o~ ed
Mor(10,-.-), (Vo)) = {02V conbianens, ..} (<L V&ﬂm? €°)

Definition 1.7 Let ¢ : £ — X be & continuous surjection of topological spaces. A
{ Banach ) bundle strucfure on p 15 a morphism of Banach orbifold structures

P:(E, {p (U }vew, OF) — (X1, 0)
on B and X with

w5 o=1Id;

o if Il & H and O[N] = g then {f]"il:p LI = (0 = By with Ey & f 9;5
Banach space J

= W¥(# n)
X (‘"/M

A section of E 15 & morphism & 1 X — E of orbifolds with pos = Idy.
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siracted ¢n ba, Xo.
what s the abstract form of section s < 2 (&how s ¥ n M'-E rcci pé )

My k:pt‘ in b&rocw'lre‘- ‘L )S=OJ
Diefinition 1.11 Let ¢ : X é'b-i. & submersion of Banach orbifolds, & a section of & w"’

Banach orbibundle & over X, A Fredholm structurr for s R“Iﬂﬁlt't ? i & choice of orbifold

structures for X[ and E such that any [oes dalization B = 0w F J’/
centered in some z & Z(s) has the form b% =Fc

4

s'(0) 0 = A xl}é ¢ ,,

with R>  Bonash space \';: (e Iv""(r: M| 3( 'I’) €Ty(o) H?)

'

& L iz an open subset of a finite dimensional vector space

- =
)2 Vo E
o [lci: L = WV — Ey is differentisble relative L with relative differential DaJ (l.V"‘ ) °

Dy({Mai): LxV — L{T.E), T=TW _EL[’&..:V)Lf ’

continuous at 0 and with o = Dy (Il e 80 Eedholm 'Ulllk index Ds )

= idexr D, s+ b
Definition 1.156 Let| X bea Banach orbifolds and s ant -Fre d]'mlm T
seetion of a Banach Urblhuml]l: Eower X, A Vﬂ’"”‘!}i‘ stracture for s F —_— E
muorphism . & thb‘.e st“L\L(Mwh
T F — J, S

from & finite rank O._bundle F defined over an open suborbifold X' © X conteining Z(=) ¢
such that for any distinguished local trivielization k= U = Ey centered X 7 )( N w?/-
insome z & Zg), I = L=l V 9 1/, At

B D T | [T — el iciiicp Sb)a.’?

& T Iz continuously differentiable relative . L.

Twao Kuranishi structures 7 : F — B, 7" : F' = E are compatible iff s b7 P ' B
15 & Kuranishi structure too. An §-Fredholm section together with an equivalence class of
compatible Kuranishi strue t1]l'L"éi is called 5-Kuranishi section. & {}T

Wiy = U v Sy, Fedln =2 Ffpal nbillaotir
@wﬁlywww:wﬁ '&)extend‘bw/
=> Covers cokenel on

Co

£
b

—
Ly W‘IZM-
Vic

(-<> <m

s above

<Vt open
s (o) @”flo't-u 2 = @r Zﬂ'l‘:f covers colend
=) cove Y.

: ft..’b. nbhd o 5lipy o \7 — Wit Svephee
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will epply tp stobilized coctro,
Definition 1.13 AC  Fredholm section & of B

|.Ei Fromenpray d.l.ﬂ']'.l""' il

closed subset A © Z(s) iff for sny 2 € A there exists a dultlm.,umhtd local trivialization g F - g

F
centered in z with & surjective. whl, &
“D,s o L¥V e W%z (Cudof) 1— 2, 6] + )
By applyving the implicit function theorem locally relative L, we see that the zero -l =Sw 2ALEL)
locus of transverse sections is & finite dimensional tl'.'l]:ll'.'l](:r‘-"'ll:‘ll] orbifold, locally uniformized SF tO) él( ]‘F) , 83[‘;') T }

by Lx K, K=ker®ys IS T injedire

Proposition 1.14 Let 5 be ol -Fredhelm section of o Banach orbibundle & over o Ba- {(“—]{ 3;[#—]6- ’IT[F)}
niach orbifold X : and assume 5 is fransverse aleng A, Then in a neigh-
beurhood ﬁf A, Z(s) J‘:ﬂ.s nafurally a structure of fopological orbifold,

&
remiander
Definition 1.11 Let X be a ' Banach orbifolds, & a section of &
Banach orbibundle E over X. A Fredholm structure for s s & choice of nr]:uful:l
structures for X[ and F such that any local trivializetion Eyr = Ea ~
centered in some z & Z(s) has the form b— L * V * 1-;
b = LxV t, AN / _
fonile dim.
with

# L is an open subset of a finite dimensional vector space
CRIN-F L x V = E, is differentiable relative L with relative differential
D (Il &) -L ®xV — BT E), T=TV
continuows at 0 and with o= Dy (I e 8)(0) Fn:d]"m 46“"“ Cinen W"
AAAA~ o)
uh [*S,
o pe~ator to;u{o”: on B(TV, 5,)

Acn ’l'u'la- Mczyru woplol neest " R —> D QJ conbenuons iR
not true in PWM* 2-9 unck, byensed a3 R >0
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why olees regularization theorem hotdl %

section of a Banoch orbibundle E over X of constant inder d
Z = Z{s] to be compact,

Then there erisis o localized Euler closs||E, & € Hy (%), depending enly on E and
the Kuranishi section s, with thJollownng properfics:

Theorem 1.21 Lef X be a fopelogical Banach orbifold,

. and 5 an orenfed ( Kuronishi
We assume

I If 5 18 transverse (so £ 18 an oriented topological orbifold of dimension d

[E.s) = [2]. NS0y & 7

| then

Proposition 1,17 Let s be aof
Banach orbifeld X
g: F

-Kuranishi section of o Banach orbibundle E over o
L Let 70 F < E represent the Kuranishi structure,

+ X the bundle projection. Then the section "wbb‘bkd wﬂh
. i "= Q
1= qga4T — ‘33 +T

of g over the fofal space F 9 fronsverse

In particular, Z = Z(#) is o topolegical
subiygafold of I -

Remark 1.18 Let 5., be the tantological section of g*F
Hean 18 given by putting

+ F. Bo on local uniformizers

Mo depn := prg, T xFy— Fy.

The zero locus of 8., 1= just the zero section of F, and can be identified with X. Restricting
to £ = Z[(&) we obtain

Z(s) = Z(8eanlz) -
In this way we have exhibited the zero locus of & as zero locus of a fintte rank orbibundle
over & finite dimensional orbifold. &

Flg
o e

- T «— F
$=9, v \Lq

Ly ot =X 2 X

b d ?bhté steb climfca -

= Fdm s t€ Bys =D
b= o‘omL-

F=5¢
A1

qJ/. A.—gn

X

Z =1(x.£)  s()+Tl) = OJ

Jse |
F 4

DS 0)~ sb) =M

;x,u Pincle obversond

reduction

has an Gwleroluss El(Sa) € Hal S t0))
% L]

Ld
P
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how ¢s s constructed for pseuwdohdlomorphic curve modil. spaas 2

W/t )
Theorem §.1 Let (M,J) be on almost compler manifold and p > 2. Then the space e(ﬂ(’) = W (P, ’4/ '
Vevery V'yeﬂuffﬂoo )

C(M; p) cu" stable parmmetrzed compler curves of ?aba!ul class BY has naturally a structure

of Bang mé‘“‘ ) o . The orbifold fopology is finer

than the " -topology introduced in Section 5.2,

W l hi b S = V for C{M;p) h h all pk V*[‘p: JE EA 5 V—Vor -)1[’14)
Ve are poing to show now that our charts § = V for O{M;p) together with its naturally

associsted trivislization of F (i.e. using the same retraction &) endow 25 ; with & Fredhalm to "'é viel \‘I'O'bmfy

structure, with (§ = W, L, V) in Definition 1.11 equal to (pt, 5, 7).
(P'oo, v) _ ' W, e )
We want to model local uniformizing systems st {C, x,Q::'] on 5 % LT(C;Q‘T_-I_;]_: where 5 9 S X W (W 4 ™

15 naturelly viewed as open neighbourheod of the origin in the tangent space ’11,»:,,1.-1-:'.'.::] '
of the differentiable orbifold Mg st [(C, x).

A
Change of coordinates: The geneml case. V E -§ l ?(0; 6‘-,;“""[. ! Tu)é v ‘}
Now mssume [(7,x) unsteble and let § = ¥ © 8§ x V be a rigidifying slice. Let g :
5%V — C(M:p) induce the structure map. As shown 10 Section ma, & = V is the
topological quotient of § % ¥V by the equivalence relstion R generated by the germ of

action of Aut”{C, x). Given I,’CJ,X':-V! € img sad sufficiently close to (O, x, g as above .( P [e)(Pv(SB

{depending on the Injectivity radius of p ete.), we choose the local uniformizing system W

with center {C",x',4%") to be a sliee §" x V' in & x V' with &', V' sufficiently small as w w[o)eH,, h ph‘rw'FuC&

hefore. Again, §' % V' is the quotient of § x ¥* by the equivalence relation ', generated Dl(:dn

by the germ of action of Aut”(C", x ). W('n < H‘ ww%"s
Now (C,x") belongs to some sp © S, and with & choice of sp the unstable components

of (C'.x") can be identified with & subset Do, ..., Dy of the set of unstable components

of (C,x) via k. Let @ = {T € Ant™ x) | ¥|p, = Id, i = 1,...,a}. By our explicit

description of the semiuniversal deformation it & not hard to see that the local action of .

7 fibers § smoothly nesr s;, and that the restriction of g: € — § to & smooth analytic wls,v) € LT{C,.,; M) defined by

slice of the action of 7 &t so is & semiuniversal deformation of (€7, x"), hence ]u:'a.]]}

isomorphic to 8°. Again we can thus identify € with a loog ':‘T ‘L‘]{Z} = i.‘x,lz” IT [L)( )

time of codimension equal to the dimension of (7. The mu.i

defined as compasition of (s,v") s (8,11, 011 ") with the

Equivariance and continuity of & are thus inherited by the corresponding [:-:I'UE:-L:I'LLL‘& of the N t /\’
unrigidified map 8 x V' < § x V. Again we can change the roles of 8 x V' and § = ¥ V > \ f é V
to conclude that & is an open embedding, &_ % w
/4 (L)
Opp 1 B0} € Toppo — Tap,  vi— (exph) ™ explh v) 9 &‘PVI] = EUPHTIJ
g o-‘*& rneed this €° ? mp\d:r:m(‘o" ° \/’2 -
st ructcen o \ w
For o0 £ |'|w\.,,,,,,,01{'=w

fBnash m ouacfeorCol
& Fredhobn sbudue
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