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Motivation: statistics for billiards

One billiard ball in a Sinai billiard with finite horizon
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10000 billiard balls in a Sinai billiard with finite horizon
#(balls in the box) —  volume of the box

velocity angles distribution —  uniform measure
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10000 billiard balls in a three-disk system
#(balls in the box) — 0 exponentially
velocity angles distribution —  some fractal measure
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10000 billiard balls in a rectangle
#(balls in the box), velocity angles distribution have no limit
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Correlations (closed billiards)

M C R? a closed billiard
U={y,v)lyeM, ves'}
ot U — U billiard flow

f.g e C®U)

prg(t) = /u(foq;t)g dxdv
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Correlations (closed billiards)

M C R? a closed billiard
U={y,v)|yeM, ves'}
ot U — U billiard flow

f.g e C®U)

prg(t) = /u(fog;t)g dxdv

Mixing: pfg(t) = C(fu fdxdv> (fugdxdv> +o0(l) ast— +oo

Sinai '70, Bunimovich '74, Young '98, Chernov '99 ...
Climate models: Chekroun—Neelin—Kondrashov—McWilliams—Ghil '14
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Correlations (closed billiards)

M C R? a closed billiard
U={y,v)|yeM, ves'}
ot U — U billiard flow

f.g e C®U)

prg(t) = /u(fog;t)g dxdv

Mixing: pfg(t) = C(fu fdxdv) (fugdxdv> +o0(l) ast— +oo

Sinai '70, Bunimovich '74, Young '98, Chernov '99 ...
Climate models: Chekroun—Neelin—Kondrashov—McWilliams—Ghil '14

Hard because of glancing rays — consider a model without boundary instead
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Correlations (compact manifolds)

M compact manifold

g negatively curved metric
U=A{(y,v) e TM :|v|g =1}
ot 1 U — U geodesic flow
f,g € C>®U)

u Liouville measure

prg(t) = /u (Fop g du
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Correlations (compact manifolds)

M compact manifold

g negatively curved metric
U=A{(y,v) e TM :|v|g =1}
ot 1 U — U geodesic flow
f,g € C>®U)

u Liouville measure

prg(t) = /u (Fop g du

Exponential mixing: pr ¢(t) = c(fu f du) (fugdu> + O(e ")
Moore '87, Ratner '87, Chernov '98, Dolgopyat '98, Liverani '04
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From correlations to resonances

Correlation:
pra(t) = /u (Fou gdu, f.ge CEMU)

Fourier—Laplace transform:

o0
ﬁf,g()‘) = / e_M,Of,g(t) dt, Rel> Cy>1,
0

pra® =5 [ prg()dr
’ 27 JRer=Go ’
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From correlations to resonances
Correlation:
pra(t) = /u (Fop Ngdu, f.ge CGoU)

Fourier—Laplace transform:

o0
ﬁf,g()‘) = / e_M,Of,g(t) dt, Rel> Cy>1,
0

i

pra® =5 [ prg()dr
27 JRer=Go

Goal: continue pr g(A) meromorphically to A € C

Poles of pr g(\): Pollicott—Ruelle resonances
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Setup: hyperbolic flows

U compact manifold with boundary -

ot =eX U - U a C® flow

OU strictly convex

K= (] ')

+teR ou
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Setup: hyperbolic flows

U compact manifold with boundary -
ot =eX U - U a C® flow
OU strictly convex
K= (] ')
+teR ou
K hyperbolic (6 > 0):

w € Es(x), t>0;

dot(x) - w| < Ce tlw],
" (x) - wl < Ce T w] w € Ey(x), t <O0.
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Setup: hyperbolic flows

U compact manifold with boundary -

ot =eX U = U a C™® flow
OU strictly convex
K= (] ')
+teR
K hyperbolic (6 > 0):

E. t>0;

dpt(x) - wl < Ce W], 4 € BT
w € Ey(x), t <O0.

Anosov flow = closed hyperbolic system: oU =0, K=U

General case closely related to Axiom A basic sets [Smale '67]
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Resonances and correlations

pt=eX:U—-U, f,geC&MU). ForRel>1,

pra = [ e [ (Fo g duct
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Resonances and correlations

pt=eX:U—-U, f,geC&MU). ForRel>1,

pra = [ [ (e Ngduce
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Resonances and correlations

et=eX:U U, f,geCPMU). ForRel>1,

pra = [ e [ (@ Pgduce = [ (ROIg d

R(\) = /Ooo et XFN gt = (X + A) 7 L2(U) — L2U).
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Resonances and correlations

et=eX:U U, f,geCPMU). ForRel>1,

prs = [ e [ (e *gdudt = [ (RO)g

R(\) = / e XN gt = (X + 0)7H: L2(U) = LP(U).
0
Theorem 1 [D—Guillarmou '14]

The operator R(\) : C§°(U) — D’(U) continues meromorphically to
A € C. lIts poles are called Pollicott—Ruelle resonances.
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Resonances and correlations

ot=eX:U—-U, f,geCFMU). ForRel>1,

prs = [ e [ (e *gdudt = [ (RO)g

R(\) = / e fX TN dt = (X + X)L L2(U) — L2(U).
0
Theorem 1 [D—Guillarmou '14]

The operator R(X) : C§°(U) — D'(U) continues meromorphically to
A € C. lIts poles are called Pollicott—Ruelle resonances.

Ruelle '76, Rugh '92, Fried '95 (analytic),
Pollicott '85,'86, Ruelle '86,'87, Parry—Pollicott '90 (C>° small strip),
Liverani '04, Butterley—Liverani '07, Faure-Sjdstrand '11 (Anosov)
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Resonances and zeta functions

Ruelle zeta function: T.; periods of primitive closed trajectories
N =JJ@—eT#), Rex>1
fyﬁ
Theorem 2 [D—-Guillarmou '14]
Cr(A) extends meromorphically to A € C. J
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Resonances and zeta functions

Ruelle zeta function: T.; periods of primitive closed trajectories
N =JJ@—eT#), Rex>1
'yﬁ
Theorem 2 [D—-Guillarmou '14]
Cr(A) extends meromorphically to A € C. J

@ Poles are Pollicott—Ruelle resonances on certain vector bundles
o Classical application: counting primitive closed trajectories
hiop T

e
< =
#{ T’Yﬁ - T} htop T

where hop, is the topological entropy (first pole of (g).
First proved by Margulis

(1+0(1))
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Resonances and zeta functions

Ruelle zeta function: T.; periods of primitive closed trajectories

N =JJ@—eT#), Rex>1
'yﬁ
Theorem 2 [D—-Guillarmou '14]
Cr(A) extends meromorphically to A € C.

@ Poles are Pollicott—Ruelle resonances on certain vector bundles
o Classical application: counting primitive closed trajectories
hiop T

e
AT < Th= hop T
where hop, is the topological entropy (first pole of (g).

First proved by Margulis
Smale '67 (conjectured),
Giulietti-Liverani—Pollicott '12, D-Zworski '13 (Anosov)
December 4, 2014

(1+0(1))
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Three stages of Pollicott—Ruelle resonances

o Ruelle '76,'86,'87, Pollicott '85,’86, Parry—Pollicott '90, Fried '95,
Dolgopyat '98, Naud '05, Stoyanov '11,'13 (spectral gaps). ..
symbolic dynamics and transfer operators

@ Rugh '92, Kitaev '99, Blank—Keller—Liverani '02, Liverani '04,'05,
Gouézel-Liverani '06, Baladi—Tsujii '07 Butterley—Liverani '07,
Giulietti-Liverani—Pollicott '12. ..
resonances = spectrum of —X, ¢t = e

X+ X:H —H" Fredholm, r>> max(1l,—Re))

tX on an anisotropic space:

o Faure—Roy-Sjdstrand '08, Faure-Sjéstrand '11, Tsujii '12,
Faure—Tsujii '11,"13, Datchev—D—Zworski '12, D—Zworski '13,'14,
D-Faure—Guillarmou '14, D-Guillarmou '14, Guillarmou '14,
Jin—Zworski '14 (various applications). ..

(X + \)u = f is a scattering problem in the phase space and u € H'
is the outgoing/radiation condition. Relies on microlocal analysis.
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Microlocal analysis (semiclassical version)

Phase space: T*U > (x,&)

Semiclassical parameter: h — 0, the effective wavelength
Classical observables: a(x,§) € C°(T*U)

Quantization: Opy(a) = a(x, 20,) : C®(U) — C=(U),
semiclassical pseudodifferential operator
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Microlocal analysis (semiclassical version)

@ Phase space: T*U 3 (x,&)

@ Semiclassical parameter: h — 0, the effective wavelength

o Classical observables: a(x,§) € C*®(T*U)

o Quantization: Opj,(a) = a(x, 29,) : C°(U) — C>(U),
semiclassical pseudodifferential operator

Basic examples
e a(x,§) =x; = Oppy(a) =x; multiplication operator
° a(x,&)=¢ = Opyla) = ?GXJ
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Microlocal analysis (semiclassical version)

@ Phase space: T*U 3> (x,§)

@ Semiclassical parameter: h — 0, the effective wavelength

o Classical observables: a(x,&) € C®(T*U)

o Quantization: Opj,(a) = a(x, 29,) : C°(U) — C>(U),
semiclassical pseudodifferential operator

Basic examples
e a(x,§) =x; = Oppy(a) =x; multiplication operator
° a(x,&)=¢ = Opyla) = éaxj

Classical-quantum correspondence
o [Opy(a), Opy(b)] = # Opp({a, b}) + O(h?)
o {a,b} = O¢a-0xb— 0xa-0:b = H,b, etHa Hamiltonian flow
o Example: [Opj(&k), Opa(xj)] = 20
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Standard semiclassical estimates

General question
P=0pu(p), Pu=f = |ulSIfl? J
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Standard semiclassical estimates

General question
P=0pu(p), Pu=f = |ulSIfl? J

Control u microlocally: ||[Opy(a)ul] < IFII+O(h>)||ul]
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Standard semiclassical estimates

General question
P=0pu(p), Pu=f = |ulSIfl?

Control u microlocally: ||Opy(a)u| < £l

Elliptic estimate

{p=0}
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Standard semiclassical estimates

General question
P =0py(p), Pu=f = |lull SIfIl? J

Control u microlocally: ||Opy(a)ull < ||Opy(b)ull + 1 |If]|

Elliptic estimate Propagation of singularities

{p=0}
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The microlocal picture, Anosov case

P()\) == 2(X + ) = Op,(p),
p(x, &) = (& X(x))
et (x,€) = (¢'(x), (de(x)) 7€)
TU = Ef ® E; @ Ey,
{p=0} = E;®E,
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The microlocal picture, Anosov case
P(A) == 2(X + X) = Opy(p),

p(x, &) = (€, X(x))
e+ (x,€) =~ (¢'(x), (de'(x))~ 7€)

T*U = E @ E} & E},
{p=0} = E;BE;

Theorem 1

P(A\)~1 : H" — H' continues meromorphically to \ € C. J

By Fredholm theory, enough to prove for Q = Op,(q), g € C§°(T*U)

lullyer < Ch= Y| Puller + ClIQull3er

where H" is an anisotropic Sobolev space
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The microlocal picture, Anosov case
P(A) := #(X + X) = Opy(p),
p(x, &) = (&, X(x))
et : (x,€) = (©'(x), (de'(x))"T¢)

luller < Ch= | Puller + Cl|Qull3er
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The microlocal picture, Anosov case

E;
P(A) == 2(X + X) = Opy(p), T U
p(x, &) = (&, X(x))
et (x,€) = (¢'(x), (dp(x)) 7€)
10p,(a)ull3 < ChY||Pulla¢ + C|| Quljpr
e

o Radial estimate [Melrose '94], H' ~ H" near E;
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The microlocal picture, Anosov case
P(A) := #(X + X) = Opy(p),
p(x, &) = (&, X(x))
et : (x,€) = (©'(x), (de'(x))"T¢)

10py(a)ullzer < Ch™H|[Pullger + C| Qullper

o Radial estimate [Melrose '94], H' ~ H" near E;

@ Propagation of singularities
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The microlocal picture, Anosov case
P(A) := #(X + X) = Opy(p),
p(x, &) = (&, X(x))
et : (x,€) = (©'(x), (de'(x))"T¢)

10py(a)ullzer < Ch™H|[Pullger + C| Qullper

o Radial estimate [Melrose '94], H' ~ H" near E;
@ Propagation of singularities

@ Dual radial estimate, #H" ~ H™" near E
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The microlocal picture, general case

Problem: singularities escape both to infinite frequencies and through the
spatial boundary
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The microlocal picture, general case

Problem: singularities escape both to infinite frequencies and through the
spatial boundary
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Methods

The microlocal picture, general case

Problem: singularities escape both to infinite frequencies and through the
spatial boundary

Semyon Dyatlov A microlocal toolbox




Methods

The microlocal picture, general case

Problem: singularities escape both to infinite frequencies and through the
spatial boundary

More general propagation estimates needed. . .
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The zeta function
e =[Ja-e"#), RO = / - e M(p ) dt
oL 0

Theorem 2
Cr(\) extends meromorphically to A € C. J
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The zeta function
N =[x —e), RO\ = / - e M(p ) dt
oL 0

Theorem 2
Cr(\) extends meromorphically to A € C.

o CRY Te 2T
Cr(N) ; | det(/ = Py)|"
[Ruelle ]
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The zeta function
N =[x —e), RO\ = / - e M(p ) dt
oL 0

Theorem 2
Cr(\) extends meromorphically to A € C.

o SRV Tie™ b The(t-T,)
® RV Z det(l =P (o Z [det(/ — P,
[Ruelle, Atlyah Bott- Gmllemln]
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The zeta function
N =[x —e), RO\ = / - e M(p ) dt
oL 0

Theorem 2
Cr(\) extends meromorphically to A € C.

o SRV Tie™ b Tio(t - T,)
® RV Z|det/— e Zydet/—my
[Ruelle, Atlyah Bott- GU|||em|n]

o Ch(N)/Cr(A) ~ tr*(R(\) (¢~ %)*), but what is tr’?
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The zeta function

N =[x —e), RO\ = /O - e M(p ) dt

A

Theorem 2
Cr(\) extends meromorphically to A € C.

Ch(N) Tie™
G " ey T

[Ruelle, Atlyah Bott- GU|||em|n]

Té(t T5)
Z | det(/ — P,)|

o Ch(N)/Cr(A) ~ tr*(R(\) (¢~ %)*), but what is tr’?
@ The proof of Theorem 1 gives a wavefront set condition, which makes

it possible to take the flat trace
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Further results

Further results

o [Faure—Tsujii '13, D—Faure—Guillarmou '14] Bands of resonances for
certain contact Anosov flows and the constant curvature case

@ [Tsujii '12, Nonnenmacher—Zworski '13] Essential spectral gaps of
optimal size (Anosov)

o [Faure-Sjostrand '11, Datchev—D—Zworski '12] Upper bounds on the
number of resonances in strips (Anosov)

o [D—Zworski '14] Stochastic definition and stability of resonances: the
eigenvalues of —X + €A converge to resonances as £ — 0+ (Anosov)

@ [Guillarmou '14] Lens rigidity: a negatively curved metric on a domain
with boundary is (locally) uniquely determined by its exit times and
scattering relation. (A surprising application of [D—G '14]; unlike
previous results in the field it handles trapping situations)

@ [Jin—Zworski '14] There exists a strip with infinitely many resonances
for any Anosov flow
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Thank you for your attention!
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