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Exercises 1–3 concern the Cauchy problem for a one-dimensional wave equation

wtt − wxx + V (x)w = g,

w|t=0 = f0(x), wt|t=0 = f1(x)
(1)

where the potential V is real-valued, smooth, and compactly supported, denoted V ∈
C∞c (R;R). We assume that f0, f1 ∈ C∞c (R) and g ∈ C∞c ((0,∞)t ×Rx), then (1) has a

unique solution w ∈ C∞(R2
t,x).

1. Using d’Alembert’s formula (moving V w to the right-hand side), show that:

(a) for each t ≥ 0, the function w(t, •) is compactly supported;

(b) if r0 > 0 is such that suppV, supp f0, supp f1, supp g ⊂ {|x| < r0} then

w(t, x) = w±(x∓ t) for ± x ≥ r0, t ≥ 0

for some smooth (C∞) functions w±.

2. Consider the following energy quantities associated to w:

E(t) :=
1

2

∫
R
|wt(t, x)|2 + |wx(t, x)|2 + V (x)|w(t, x)|2 dx,

E0(t) :=
1

2

∫
R
|wt(t, x)|2 + |wx(t, x)|2 + |w(t, x)|2 dx.

(a) Show that for t ≥ 0,

E(t) = E(0) +

∫ t

0

∫
R

Re(wt(s, x)g(s, x)) dxds.

Use this to show that when V ≥ 0, we have E0(t) ≤ C(1 + t)2 for some constant C and

all t ≥ 0.

(b) In the case of general V , show that for some constant CV depending only on V

E ′0(t) ≤ CV E0(t) +

∫
R
|g(t, x)|2 dx.

Use this to show that E0(t) ≤ CeCV t for some constant C and all t ≥ 0.

3∗. This exercise gives a better condition on the support of w than the one you found

in Exercise 1(a). Consider some (t0, x0) such that t0 ≥ 0 and

f0(x) = f1(x) = 0 for |x− x0| ≤ t0;

g(t, x) = 0 for 0 ≤ t ≤ t0, |x− x0| ≤ t0 − t.
1
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Show that w(t0, x0) = 0. (Hint: argue similarly to Exercise 2(b) but change the

definition of E0 to only integrate over the interval {|x− x0| ≤ t0 − t}.)

Exercises 4–7 concern the Schrödinger operator on C∞(R),

PV = D2
x + V = −∂2x + V, V ∈ C∞c (R;R).

They use the Wronskian function of two functions u, v ∈ C1(R), defined as

W (u, v) = u · vx − ux · v.

Note that for any u, v and λ ∈ C

∂xW (u, v) = v · (PV − λ2)u− u · (PV − λ2)v.

Also, for any u, v1, v2 such that W (v1, v2) 6= 0, we have(
u

u′

)
=

1

W (v1, v2)

(
−v2 v1
−v′2 v′1

)(
W (u, v1)

W (u, v2)

)
. (2)

Define the unique solutions e±(x;λ) to the equation (PV − λ2)e± = 0 which satisfy

e±(x) = e±iλx for ± x� 1,

note that they are smooth in x and holomorphic in λ, and W(λ) := W (e+, e−) is

constant in x.

4. Assume that λ is such that W(λ) 6= 0. Show that for f ∈ C∞c (R) the unique

solution u to the problem

(PV − λ2)u = f ; u(x) = c±e
±iλx for ± x� 1 and some c± ∈ C

has the form u = RV (λ)f where

RV (λ)f(x) =

∫
R
RV (x, y;λ)f(y) dy,

RV (x, y;λ) =
e+(x)e−(y)[x > y] + e−(x)e+(y)[x < y]

W(λ)
.

(3)

5. Show that

W (e+, e
iλx)(x) =

∫ ∞
x

V (y)e+(y)eiλy dy,

W (e+, e
−iλx)(x) = −2iλ+

∫ ∞
x

V (y)e+(y)e−iλy dy.

Estimating the right-hand sides by (2), show that for | Imλ| ≤ C0, we have as |λ| → ∞

W (e+, e
iλx)(x) = O(1), W (e+, e

−iλx)(x) = −2iλ+O(1)
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uniformly in x, where the constant in O(·) depends only on C0 and V . Using the

identity (2), show that for x in any fixed compact set,

e+(x) = eiλx +O(|λ|−1), e′+(x) = iλeiλx +O(1);

e−(x) = e−iλx +O(|λ|−1), e′−(x) = −iλe−iλx +O(1).
(4)

6. (a) Show that W(λ)−1 is meromorphic in λ and conclude that RV (λ) defined in (3)

is a meromorphic family of operators C∞c (R)→ C∞(R).

(b) Using Exercise 5, show that for | Imλ| ≤ C0 and |Reλ| large enough, λ is not a

pole of RV and we have the high frequency bound for all χ ∈ C∞c (R), with the constant

C depending only on V,C0, χ,

‖χRV (λ)χ‖L1→L∞ ≤ C

|λ|
.

7∗. This exercise is a basic case of the WKB (Wentzel–Kramers–Brillouin) approxima-

tion, giving an expansion of e±(x;λ) in nonpositive integer powers of λ which improves

over (4). We will assume that | Imλ| ≤ C0 for some constant C0 and study the limit

|Reλ| → ∞.

(a) Construct a sequence of smooth functions a
(n)
± (x) such that a

(n)
± (x) are locally

constant for |x| � 1, a
(n)
± (x) = δn0 for ±x� 1, and for each N the function

e
(N)
± (x) := e±iλx

N∑
n=0

λ−na
(n)
± (x)

satisfies uniformly in x

(PV − λ2)e(N)
± (x) = O(|λ|−N).

(b) Using Wronskians, show that locally uniformly in x

e±(x) = e
(N)
± (x) +O(|λ|−N−1), ∂xe±(x) = ∂xe

(N)
± (x) +O(|λ|−N).

(c) Show that the scattering matrix S(λ) admits an asymptotic expansion in nonpos-

itive integer powers of λ, and write out this expansion modulo O(|λ|−2).


