POLYNOMIAL GRAPHS WITH APPLICATIONS
TO GRAPHIC AL GAMES, EXTENSIVE-FORM GAMES,
AND GAMES WITH EMERGENT NODE TREE STRUCTURES

RUCHIRA S DATTA

ABSTRACT. We prove a theorem computing the number of solutionsto a systemof
equationswhich is generic subjectto the sparsityconditions embodiedin a graph.
We apply this theorem to gamesobeying graphical models and to extensve-form
games We de ne ememnt-nodereestucturesas additional structures which normal
form gamesmay have. We apply our theorem to gameshaving suchstructures We
brie y discusshow ememgent node tree structuresrelateto cooperative games

The set of Nash equilibria for a gamewith generic payoff functionsis nite [2].
This implies that the set of totally mixed Nash equilibria for a game with generic
payoff functionsis also nite . Theseare the real solutionsto a systemof polynomial
equationsand inequalities The complex solutions to the systemof equationsare
called quasiequiliat  Thus, the set of totally mixed Nash equilibria is a subsetof
the setof quasiequilibia. In fact, the set of quasiequilibia is also nite in the most
generic case and its cadinality can be computed as a function of the numbers of
pure strategies of the players Thus, this is an upper bound on the number of totally
mixed Nashequilibria. Even in anongeneric case aslong asthe setof quasiequilibia
is nite , its cadinality will be bounded above by the number in the generic case

For the main theorem of this article, Theorem 1, we hypothesizea setof technical
conditions that a systemof polynomial equationsmay satisfy which are encodedin
an associatedgraph, the poynomialgieph and we prove a formula descibing the
number of solutionsin this case We then shav how to associatesuch a graph to
three specialclasse®f games The rst two are graphicalgamesand extensie-form
games The lastis gameswith ememntnodetreestiucturg a new model for games
in which the players can be hierarchically decomposedinto groups Usually such
hierarchical decompositionis modelled by coopefive games and we briey discuss
how our model is relatedto, yet differs from, the cooperative framework.

1. GENERIC NUMBER OF ROOTS OF A SPARSE POLYNOMIAL SYSTEM

The following theorem tells us the number of 0-dimensionalcomplex roots (none
of whose componentsare zero) of a systemof polynomial equationswhich obeys
certain sparsityconditions and is otherwise generic. Our formulation of this theo-
rem is motivated by the applicationsto game theory which follow, although such
polynomial systemamay arisein other contexts

Theorem 1. Suppostha 0 < d 2 N andtha wearegivena patitionfl;:::; dgD i'\,‘DlTi
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tha forary v; andT;, if thereis somek 2 T; suchtha thereis anedg fromv; to v in G,
thenforewery k 2 T; therds anedgfromv; tov, in G. Let

fi. 1;:::; of DO
fo. 1,000 o/ DO
fa. 152225 o/ DO
be a system(1) of d poynomialequtionsin d varabdes 1;:::; 4 with the follaving

propeies:

(1) All monomialsccungin the fi's aresquarefree.

(2) It j; 2T with jeébk then jand  donotbothoccuin ary monomiabfary
ofthefi's

(3) If therds noedgfromv; tovy in G thenthevanalle  doesiotoccuin fj.

Thus the equéions are multilinear and they are linear over the vaiialles from eachT;.
Constuctad d mdrix M asfollovs: If variade | occursn thepoynomialf;, with T;
thesubsetontainingy, then

Mk © Gy
otherwisé/;, D 0. If thesysten(l) is O-dimensionathenthe numbeof its solutionsn

.C /9 (i.e. suchtha | 600 forall k) is boundedbee by thepemanenbf M, andis equal
tothepemanentf M for geneic coef cients

Proof Without lossof generality assume
( X1 X1 X1
TiD 1C d;2cC d;::;d C d ;
ID1 ID1 ID1
that is, that the T;'s are contiguous
Let g D 1if thereisanedge in G from v; to v, for k 2 Tj, and &; D O otherwise
Then the Newton polytope P; of f; is the Cartesianproduct Pij P Pnij,
where B is the convex hull of the scaledcoordinate vectors aje jk2 T; and
the origin. For i with &; D 1, R is the di-dimensional unit simplex, and for i
with &j D O, R degeneratesto the d-dimensionalorigin (which is a 0-dimensional
simplex). By the Bemnstein-Kouchnirenko Theorem [1] [4], it suf ces to show that

Qnj, where Qjj is the convex hull of
.81 1Ca2 2C Caj j/lajk2T,

and the origin. (If a1 1Ca2 2C Caj j D O then Qj; degeneratesto the

origin.) The basecasefollows from our characteization of P; above. Now consider

the Minkowski sumof Qj D Qy; Qnj and jc1Pjci D . jciPujcu/
jciPn.jcy/. It follows from the de nition of Minkowski sum that thisis .Qj C
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jciPLjcu/ .QNnj C jciPn.jcu/, and (using the induction hypothesis)that
eachfactor Qj; C jc1P.jcyv isequalto the convex hull of

.81 1Ca2 2C  Caj jCa jcugcr/a&ik2T,

and the origin.

The d-dimensionalvolume of the d;-dimensionalunit simplex scaledby in each
dimensionis

di
A/

We are interestedin the d-dimensionalvolume of Qg. If &1 D a2 D DagygDO
for somei, then this volume vanishesand hencethe mixed volume alsovanishes In
this casethe kth column of the matrix M will be all zeroesfor any k 2 T;, so the
permanent of M also vanishes and the theorem holds So assumethat for eachi,
there is some j with &; D 1. Then the volume of Qg is

W a1 1C Cag of%
iD1 d!

Let . g/ bethe adjacencymatrix of G, thatis, gjx D 1 if thereisanedge in G from
vj to v and g« D 0 otherwise Then aj D gj for all k 2 T;. Sothe volume of Qg is

QEDl Gk 1C  C Qi d .
NN g '

iD1L™
The mixed volume of Py;:::; Py is the coef cient(5>f 12 4 in the above expres-
sion, which is the permanentof . g;/ divided by i'\,gldi!.

It remainsto show that the permanentof M is the permanentof . g;./ divided by

L1 d!. Note that M 6D0 exactly when g 600. We induct on N. For the base
case di D d, and eachnonzem entry of M is .1=d!/1™. A term in the permanent
of M is the product of d entries from M, soif it is nonzer it is 1=d!. Thus the
permanentof M is 1=d! times the permanent of . g/, asrequired. Now partition
the matrix M and the matrix . g/ into two vertical bands correspondingto the
subsetq [\, 1Ti and Ty. The permanentcan be computed asthe sum of a term for
eachchoiceof dy rows 1 j; < < jgy O computethe.d dn/ .d dn/
subpemanent of the left band obtained by crossingout those rows, compute the
dv  dn subpemanentof the right band correspondingto thoserows, and multiply
them together. By the inductive t’%pothesis the left subpemanentof M is the left
subpemanentof . g/ divided by iNDll d!. For the right subpemanent, every row
is either all nonzem or all zero. If any row is all zero, both right subpemanents
vanish. If every entry is nonzero, then all the entries are the same: gjx D 1 and

d
Mj. D J1=dy /1N The right subpemanentof M is dy! .1:dN!/1“’N " D 1, and
the right subpeman&ntof . Qik/ isdy!. Sothe whole term for M is the whole term
for . g/ divided by ~ b di!.

We note that if the coef cients are generic subjectto the conditions given in
Theorem 1, all the solutionsto the systemwill lie in the torus.C /9. In what follows
we will refer to “the number of solutionsin the torus .C /9" as“the number of
solutions” by abuseof language.
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Corollary 2. Convet thedirectedieph G of Theoreni intoa bipatite gieph on2d vettices
with thesouceof exely edg on theleft sideandthetargt of evely edg on theright side. If
thesystenin Theoreni is 0-dimensionavith geneic coef cientghenit hasa solutiorif and
ony if thisbipatite geaph hasa peréctmaching

Proof From the proof of Theorem 1, we seethat the number of solutionsis nonzerm
if and only if the permanentof the adjacencymatrix is nonzer. It is a well-known
fact that this is equivalent to the existencsof a perfect matching: any permutation

which contributesa nonvanishingterm ?Dl g .j/ to the permanentcorresponds
to a perfect matching, where vertex j on the left is matchedto vertex .j/ on the
right.

In fact, we could have used the bipartite graph in Theorem 1. However, we
de ned the polynomial graph to be the directed graph to remain consistentwith the
usualde nition of graphicalmodelsof games

Corollary 3. If the systemn Theorentl is O-dimensionand hasa solutiontheneely
noddn thegiph G liesona directedyée.

Proof As in the proof of the previous corollary, a permutation  must exist suchthat
j hasanedgeto .j/ for every j D 1;:::;d. This permutation can be expressedasa
product of disjoint cycles Eachnode lies in one of thesecycles and a cycle of the
permutation correspondsto a directedcyclein the graph.

We shouldnote carefully that the Bernstein-Kouchnirenko theorem givesthe num-
ber of solutionsto a 0-dimensionglolynomial system.So when the number given by
that theorem—in patticular, the permanent of the matrix in Theorem 1—vanishes
eithethe polynomial systemhasno solution, orits solution sethaspositive dimension.

Note that the conditions on G imply that the matrix M hasa di d block of

if it had an edge from an elementv; of T; to any other elementvy of T;, then there
would have to be an edge from v; to every elementof T; including itself.

2. FINITE GAMES

In the remainder of this article, we apply Theorem 1 to game theory in a few
different contexts We now introduce the notation we will needfrom game theory.
The conceptswe descibe in this section can be found in a standad game theory
text suchas[8]. However, in somecasesve usesimpli ed notation for the restiicted
situationswe will consider

Game theory is the study of strategic interaction. Such interaction takes place
between multiple agentsin a single setting, or ervironment An agentis an entity
which can receve infomaion about the stateof the ervironment (including itself and
other agents), take actionsvhich may alter that state and expresspreérenceamong
the various possille states These preferencesare encodedfor eachagent by a utility
functiona mapping from the set of all statesto R. Its value for a patrticular stateis
the utility of that statefor the agent. The agent prefers one stateto another if its
utility is greater and is indifferent between them if their utilities are equal® Changes

Linsteadof specifyingthe utility of eachstatefor eachagent, one might specifythe changin utility, or
marginautility, which accuesto eachagent upon eachtransitiorbetween states Clearly any utility function
inducesa marginal utility function, but unlessone imposesadditional conditions a maminal utility function
may not induce a utility function. Sucha marginal utility function, which one might call intransitve, could
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in the state of the environment may also occur spontaneously(i.e., not due to the
actionsof any of the agents). A stetey is a (possilly stochastic)rule for an agent
to choose an action at every point when the agent may act, given the available
information. A rational agent is one whose strategy maximizesits expected utility
under the circumstances

We will restrict attention to gameswhich take placein a nite number of time
stepshetweena nite number of agents eachof which hasa nite number of possithe
actions The agentsare called players and whenever they take an action they are said
to mae A spontaneouschange in the state of the environment is called a move by
naure The gameis over when no player (including nature) hasary possille actions
The stateof the environment at sucha terminal stag is called an outcomeGenerally
preferencesare speci ed only over outcomes not at intermediatestagesof the game

The rst type of game we will consideris the nomal-fom game In a normal-
form game there is only one time step at which all the players move simultaneously

S1;:::1, Sy For eachi let d D jSj 1. We write the setS asfso;:::;5409 We
write SD ~;,, §. Gameplay consistsof the collective choice of an elementof S by
the players: eachplayer i movesby choosingan elementof S;. We identify S asthe
setof possitbe outcomes We denote by u;. g the utility for player i of the outcome
s2 S. Thus, the gameis completely speci ed by the number N of players the sets
S of pure strategies and the utility functions (or payoff functionsu;: S7! R.

A player may move stochasticallyrather than deteministically In that casethe
player is saidto execute a mixedstietey. The mixed strateyy speci es the probability
with which the player chooseseach possilte action. The g¢t6; of mixed strategies
of player i is the set of all functions ;: S 7! [0; 1] with si2$ i.5j/ D 1. That
is, it is the di-dimensional probability simplex. We write 6 D ~,,, 6;. An element

of 6, which speci es the strategies executed by all the players is called a stetey
pro le If thtbolayers execute the strategy prole , then the probability of outcome
sis .9 D i“,'jl i.s/. The exp%:tedtility for player i of the strategy pro le is
given by multilinearity asu;. /D ,gu.9 .9.

When consideing how agenti shouldbehave, it will be convenientto separateout
i'sown strateyy, ober which i hascontrol, from the strategies of all the other players

Wewrite 6 i D "5 46, andwe write j for the image of 2 6 under the
projection ; from 6 onto 6 ;. By abuseof notation, we write u;. i; i/ for the
ith player's expectedpayoff from the stratggy = whoseith componentis ; andwhose
other componentsaredened by ;. /D .

We assumeperéctinfomdion each player knows the complete speci cation of
the game knows that every player knows, knows that every player knows that every
player knows, adin nitum. That is, the speci cation of the gameis commoknavledg
Under these circumstances what is rational behavior? In his landmark paper [7],
John Nash ansvered this question in terms of what is now called bestresponseA
bestresponseof player i to the strategy pro le is a mixed strategy ; suchthat
. ;; i/ u. & il for any other mixed strategy [ of playeri. That is, given
that all the other players execute the strategy pro le i, the mixed strategy

still be a useful model of reality For example one wouldn't necessaly feel the sameabout being laid off
and then immediately rehired asif one had simply continued in the sameposition. However, we will not
considersuchintransitive marginal utility functions ary further.
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maximizesplayer i's expectedutility. A Nashequilibum is a strategy pro le which is
a bestresponseo itself for all the players That is, it is a strategy pro le suchthat
for eachplayer i, we haveui. / . & / for every other mixed strategy [ of
player i. Nash proved that suchan equilibrium always exists

How canwe compute the Nash equilibria of a given game?We needto seach the
set6 of strategy pro les, which is a polytope: the product of probability simplices
We can decomposethe problem by statifying this polytope: rst we look for Nash
equilibria in its interior, then in the interiors of its facets then in the interiors of the
facetsof those facets and so forth, until nally we look for Nash equilibria at the
vertices of the polytope (that is, pure strategy Nash equilibria). A strategy pro le
liesin the interior of this polytopeif i.5;/ > Ofor every ;2 S, for every i. Such
a strateggy pro le is called totaly mixed Note that a totally mixed Nash equilibrium
neechotexist.

Sowe concentrateour attention on the totally mixed Nashequilibria. We obsewe
that for a totally mixed strategy pro le to be a Nash equilibrium, it is necessar
and suf cient that for eachplayer i we have ui.sj; i/ D u.Sx; i/ for ary pure
strategiesSj; Sk 2 6. Theseequationsare called the indifierencequtionsfor player i.
The suf ciency is clear. For the necessitysupposeto the contrary that ui.sj; i/ >
U.Sk; i/. Dene Cby

8
2 i.Sj/C i.sk/; IDj
Og/ D_O; | D k
sl otherwise
Then since .5/ > 0, we have
U. & i/Du. /C sk u.s; i/ u.sk il >u. [
a contradiction. =
So we have a system of i'\,'D d equations u.sj; i/ D u.so; i/ for j D

i D1;:::; N. {Here we have dehongenizd that is, we have eliminated .50/ by sub-
Ig,tituting 1 ?131 i-Sj/). What we are equating are the expressionsy;.sj; i/ D

s 25, U-Sjis il 1.9/ i 1.S 1/ ic1.Sc1/ N.-Sv/, which are multilinear
polynomials whose coef cients are the real numbersu;.§. The (possilly complex)
roots of this systemare called quasiequilita; and thoseroots ery'ch are totally mixed
strategy pro les (that is, which are real with .5/ > 0 and ‘]-jbl i.§5j/ < 1) are
the totally mixed Nash equilibria.

Now we seehow Theorem 1 appliesto normal-form games In this case each
T; correspondsto the set of strategies of player i. The blocks of zeroes along the
diagonal imply that a player's expectedpayoffs from their own pure strategies do not
dependon the probabilities they have assignedo their own pure stratggies sothese
polynomial systemsdo indeed correspondto the equationsfor totally mixed Nash
equilibria of games

Corollary 4. Considea nomalfom gamebetve%pleyersl D f1;:::; Ngwith purestetey
setsS;. for eachi andgeneic utility functionssi: ~;,, § ! R. Constucta geph G with
nodes ,,.S fsog suchtha thereis an ede fromsy tos; in G if andony if i 6Dj.
Let the vaiialle corespondintp sk be i.sk/ andtheequ#on corespondintp sy bethe
indiferencequéon u;.sy; i/ D Ui.So; i/. Thenthis systenof equionsobgs the
conditionef Theoreni,, sothenumbeof solutionsn thegeneic caseas givenby tha theorem.
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This specialcasewasproved asTheorem 2 in [6], soour Theorem 1 is a general-
ization of that theorem.

3. GRAPHICAL GAMES

Keams Littman, and Singh [3] de ned the concept of giephicalgamesor games
obeying giphicalmodels (That paper considersundirected graphs but the extension
to directed graphswhich we will useis straightforward.) A game between players

the actions of those playersi, 6Di; for which there is an edge from i1 to i> in the
graphical model.

Our theorem appliesin patticular to graphicalgames As in Corollary 4, we take
the pure strateyy setsS; to be the setsT; of Theorem 1. Given a polynomial graph G
asin Theorem 1, we draw an edge from iy to i in the graphicalmodel if there is any
j 2 T;; with edgesto the verticesin T;, in the polynomial graph G. The polynomial
graph G may not representthe most generic caseof the graphical model, however.
If we are given a graphicalmodel, then to constiuct its polynomial graph G, for any
edge from iy to i, we draw edgesin G from ewly vertex j 2 T;, to every vertex in
Ti

2"

Corollary 5. Supposa nhomalfom gﬁmabetwenplayersl D 1;:::; N with purestetey
setsS for each andutility functionssi: ~;,, S ! <R obgs a directegjaphicalmodel

Sk tos; in G if andony if thereis an ede fromi to j in . Thenthesystenof equéions
de ningthequasiequililar of G sdis esthehypothesasf Theoreni, sothenumbeof such
guasiequilitarin thegeneic cases givenly thepemanentaiomula.

For example considera gamewith 4 players eachwith 3 pure strategies Geneli-
cally sucha gamehas

0 11 1 01 al
0 0 K
IR R

R B T B

PEEL oL oL oL 0 o0 o £EP2
1?91_?1?1? 1??
129—59—291—29—59—200
PSP P P P 0000

quasiequilibia.

But supposenow that game obeys a graphicalmodel asin Figure 3.1. The nodes
in the graphical model refer to the players and the edges specify that the payoff
to the source player dependson the actions of the target player. For brevity, write
aD 1.511/,bD 2.59/,cD 2.9i/,dD 2.9/, eD 3%/, f D 3./,
gD 4.s1/, andh D 4.5/. Sincethe payoff to player 1 dependsonly on the
actionsof player 2, equating the payoff to player 1 from pure strategies s;o and si1
gives

U1.S10; S20; / 2.0/ C U1.S10; 15 [ 2.%1/ C U1.S10; S2; | 2.2/
D U..S11;%0; / 2.0/ CUi.S11;91; [ 2.1/ CUr.S11; 82, [ 2.2/
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-af]—

FIGURE 1. Graphicalgame

or
U.S11; 0, /0 Un.S10;%0; /.1 ¢ d/IC
C.ur.si1;%1; /' U.S10; %1 //¢C . Up.S11; 25 [ U1.S10; S2; //dD O
Thus for player 1 we have two equationsof the form
cC dC DOQO;
for player 2 we have two equationsof the form
eC fC DO;
for player 3 we have two equationsof the form
gC hC DO
and for player 4 we have two equationsof the form
aC bC DO

Then the associategbolynomial graphis depictedin Figure 3. The equationassociated
with the node labelled 1a equatesthe payoffs to player 1 from choosings;: (which 1
doeswith probability a) or choosingsig. The gamehas

0 O pl—i pl—z o o o ot
0 0 #& #& 0 0 0 O
0 0 0 O pl—z pl—i 0 O
0 0 0 0 # # 0 O
P'Eo 0 0 o0 0 0 & & b1
0 0 0 0 0 0 # pl—z
L & 0 0 0 0 0 O
pl—z pl—§ 0O 0 0 O 0 O

guasiequilibium. Indeed, this will alwaysbe the casefor a graphicalmodel which isa
directedcycle where eachplayer hasthe samenumber of pure strategies The reason
is that the indifference equationsin this caseare linear aswe sav in this example
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FIGURE 2. Associatedpolynomial graph for graphicalgame

The polynomial graph G asde ned in Theorem 1 containsmore re ned informa-
tion than the graphical model. The patrtition into the T;'s also can be more re ned
than the partition of the setof all pure strategies into the setsof pure strategies for
eachplayer. Next we will seean example of such a re nement when consideing
the reduction of extensve-form gamesto normal-form, where actionscorrespondto
branchesof the gametree

4. EXTENSIVE-FORM GAMES

Now we consider nite hoizon extensie-fom games (Seefor example[8], Chapter
6.) Sucha gametakesplacein a nite number of time steps at eachof which only a
singleplayer (possilty nature) may move. (Which player moves and what actionsthe
player is allowed to take, may dependon what moveswere madepreviously) Sucha

of real numbers and each branch emanatingfrom a (non-leaf) node labelled 0 is

assigned positive real weight, so that the total weight emanatingfrom sucha node

is 1. (We considerthe branchesof this tree to be directed avay from the root.)
Game play proceedsasfollows. Eachnode of the tree representsa state of the

then player i actsby choosingone of the branchesemanatingfrom that node. Then
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the environment undergoesthe transition to the node at the end of that branch, and
we advanceto the next time step If we are at a non-leaf node labelled by 0, then the
environment insteadmakesa random transition along one of the branchesemanating
from that node; the probability of eachbranchis given by its weight. If we are at a
leaf node labelledby .u;. /;:::;un. //, then the gameis over, and eachplayer i
accruesutility u;. /. Thus, the leaf nodesare the outcomesof the game

Unless otherwise speci ed, we will assumeperfect information. Not only do all
players have common knowledge of the speci cation of the game but whenever a
player is about to move, that player knows what moves have been made by all the
other players (including nature) up to that point.

Every extensive-form gameis equivalent to a normal-form game For eachnode

of the gametree we write E. / for the setof edgesemanatingfrom . Then the
setof pure stratagies of playeri is

S D E. /:

2T
label. /Di

Given a pure strategy prole s2 SD Q i»1 Si, we cancompute the probability of each
leafnode of the gamegee A unique path ¢ 1::: wD leadsfrom the root ¢ of

Tto .ThenPr[ j§D “fhg Prl ! jcais, where
8
21 jislabelledbyi2 1 ands  D. j! jca/
Prlj! jcijd D 0 j islabelledbyi2 1 ands , 6D j! jca/
“wt. ! jei/;  jislabelled by O

and so the utility functions of the normal-form gameare given by

X
u.¥ D u. /Pr[j9:

2T
leaf

We note that the gamespeci cation implies certain equalitiesamong the numbers
u.s. If we considerthe setof normal-form gameswith a x ed setof players| and
outcomesS to be a linear spacewith basisfu;.g: s2 Sg then the extensve-form
gameswith the sameset of players| and a x ed gametree having S asthe set of
outcomeslie in alinear subspacef this space given by theseequalities Let A be the
setofdwon-leaf nodesof the tree which are not labelled by 0. Then we canidentify S
with = ,,E. /. Foranys2 Sand 2 A, wewrite s D 5 , wherei is the label of

. Suppose 2 A isanancestorof 2 A. Then hasaunique child that is also
an ancestorof  (possilly itself). Let be any other child of . If §s°2 A with
sDbh. ! /and (

Ip € D .
s; otherwise
for someedge e2 E. /, then ui.s D u..sY. This is becausePr[ j§ D Pr[ j4 D 0
unless is a descendantof or is not a descendantof , andin either case
cannot be a descendantof . In short, the node is never reached,so it doesnt
matter which action is chosenthere.

If different playersactat and , thenthereisno way to eliminatethis redundancy
but when the sameplayer i actsat and , we cando sa In this casewe replace
all the pure strategieswhich are forced to be equal by a single pure strategy, called a
reducedurestietey. Seefor example[8], p. 94.
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We note that after iterated elimination of strictly dominated pure strategies for
ary node all of whose children are leaves the payoffs to the player who acts at
that node must be equal at all these child leaves If nature actsat such a node

whose qglildren are leaves 1;:::; g, then we canreplace by a leaf with utilities
u. / D |k|31Wt- ' /u. [ for eachi 2 I. Sowe assumenature never actsat such
nodes

For extensie-form games the equilibrium conceptcan be re ned. Eachsubtree
of the gametree inducesa new extensie-form game called a subgme Each pure
strategy of the original gameinducesa pure strategy of eachsubgameby restriction
to that subtree and thus eachstrategy pro le of the original gameinducesa strategy
pro le of eachsubgame A strategy pro le is a subgmeperéctNashequilibium of an
extensve-form gameif it inducesa Nash equilibrium of eachsubgame

We can nd a subgameperfect pure stratagy Nash equilibrium by backards in-
duction We constiuct the pure strategy prole as follows. We perform iterated
elimination of strictly dominated strategies Then at eachnode all of whose children
are leaves we chooseone leaf (recall that the payoffs of all leavesfor the player who
acts at that node will be the same). We assignthis branch to the corresponding
componentof the pure strategy pro le , replacethis node by this leaf, and repeatthe
procedure on the resulting subtree

We begin our analysisof totally mixed Nash equilibria of extensive form games
by noting the following:

Theorem 6. All totaliy mixedNashequilibia of an extensie form gamearesubgmeperéct.

Proaf Let  be atotally mixed Nash equilibrium of an extensive form gamewith N
playersde ned by gametree T . Note that the strategy pro le inducedby on every
subgameis alsototally mixed. Let be a non-leaf node of T. Let Qbe the strategy
prole inducedby in the subgameinducedby . Let € and € be pure strategies
of player j in this subgame Choose an action for j at eachnode that is not a
descendantof where j acts suchthat if is an ancestorof then j choosesthe
branchleadingtowards , and usethis choice to extend § and @ to pure stratgyiess;
andt; of player j in the original game (Sa s; andt; specifythe sameactionsoutside
the subtree) Let o::: m D be the unique path from theroot o of T to . We
have uj.sj; j/ D uj.tj; /. LetL bethe setof all leavesof T under andL®be
the setof all other leaves Then

P . P .
uj.sj; il D oL Uj. !/ Pr| i-Sjs j/] C oroUj. !/ Pr[ i-Sjs j/]
D LY. /Pl s j/1C sroUj. /Prl .ty /]

sinces; andt; choosethe sameactionsoutside the subtree Thus

X X
() uj. /Prlj.s;; /1D uj. /P gty g/l
2L 2L

Furthermore, for ary 2 L, we have

ny 1
Pr[ i-Sjs j/] D Pr[ i Qj/] Pr[ ! kc1l-Sj; j/]
kDO
1
D Prj Qjy/l Prly! ity /I
kDO
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Noting that the common factor Q’k”Dol Pr[ « ! kcii-tj;  j/] in equation (1) is

positive by our choice of s;j; tj and beciuse is totally mixed, we have that
u.§ Qj/ D uj. /Pr[ j.€ Qj/]

2L

D uj. /Pr[ j.® Qj/]
2L

D u.Q Qi

Thus Qis a (totally mixed) Nash equilibrium of the subgameinduced by

In light of this obsewation, the divide-and-conquerappioachto nding all Nash
equilibria of anormal form gamecanbe modi ed in the spirit of backwardsinduction
to nding all subgameperfectequilibria (including mixed ones)of an extensve form
game Recall that in a normal form game we would considersubpoblemsin which
one pure strategy of one player i wasremoved. Now we insteadconsidersubpioblems
in which, for some edge ! where i actsat , we delete that edge and the
entire subtree belov . We compute the normal form for the game descibed by
this pruned tree and recursvely nd all its subgameperfect equilibria. Each such
equilibrium  inducesan equilibrium Qin the subgameunder in the prunedtree
To checkwhether is an equilibrium of the original game we recursiely compute
all the equilibria of the subgameunder (where i doesnot act), and check that for
eachsuchequilibrium , wehaveu;. Q  u. /.

We sav during the above proof that for a totally mixed strategy prole , the
equationsu;j.sj;  j/ D uj.tj;  j/ for all pure strateies sj; tj of j imply the corre-
spondingequationsfor eachsubtree The converseimplication alsoclearly holds

We will now associatea polynomial graph to a systemof equations for the
quasiequilibia of an extensve-form game so that we can apply Theorem 1. For
eachnode in the gametree where a player acts we will have a variable for every
edge emanatingfrom that node except one distinguishededge. This is becausethe
sum of the probabilities of choosing each of those edges must be 1, so we elimi-
nate one variable. Thus, we compate the payoffs between choosingthe distinguished
edge and choosingary other edge. The equationswill be indifference equationsfor
subgamef the extensive-form game

Theorem 7. The setof quasiequililar of a geneic extensie-fom gameis eitheremptyor
haspositie dimension.

Let A be the setof non-leaf nodesin T not labelled by 0. For each 2 A, let E. /

be the set of edges emanatingfrom . For eachP 2 A, let i be the player which

actsat andpick anelementgq 2 E. /. LetdD  ,,JE. / 1j and partition d as
-n-E. I fa d. Dene adirectedgraph G on a setof d vertices

fneje2 E. /| fg gg
2A
asfollows: there is an edge from ne with e2 E. / fq gto ne with 2 E. / fe g
if i 6Dj, isanancestorof , eithereor  lieson the pathfrom to , andifi
actsat somenode between and , thenthe edge @ lieson the path from to
. We will de ne a systemof equationsequivalentto the equationsde ning totally
mixed Nash equilibria of the extensve form gameand satisfyingconditions 1 to 3 of
Theorem 1. The polynomial graph G is acyclic so Corollary 3 implies our assetion.
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First we must state what the equationsare. Fix anode 2 A andlet i be the
player which actsat . Then JE. /j 1 equationsrefer to the subgameinduced by
this node For eache 2 E. /, de ne the pure strateggy se of i in this subgameby
See / Deandse. / D g for ary node below wherei acts Writing Q for
the stratgyy pro le inducedby in the subgameunder , the jE. /j 1 equations
are the equationsu;.s; Qi/ D u.s ; Qi/ fore2 E. / fg g In theseequations
we gliminated .g / for every below where i doesnot act, by substituting
1 2® | & g j-e for . /.

These are some of the indifference equationsfor the subtree below , which as
we sav in the previous theorem are implied by the indifference equationsfor the
whole tree We show by induction that theseequationsalsoimply all the indifference
equationsfor the subtree below . (Thus we will have the indifference equations
for every subtree and hencethe whole treg i.e., the original game) Firstly, i is
indifferent between all i's pure stratggiesin the subgamebelow , becausealthough
we Xx ed i's pure stratggies at nodes below  where i actsto be g , we also
have that i is indifferent betweeni's pure strategies in the subgamebelow by the
induction hypothesis Secondly considerarny other player j. Let 1;:::; m bethe
nodesbelown  where j acts suchthat j doesnot act at any node between and

k for any k. Let § € be pure strateggies of j in the subgamebelow , and write
K Q( for the respectve induced pure stratagies of j in the subgamebelov . So
D PR/ and QD Q; 1R /. Write the setL of leaves belov  as

and andLy isthe setof Iea/eibelcw k for kD 1;:::;m Then
u.§ Qj/ D uj. 1 Qj/

2L
X _ xn X _

D uj. jQj/C uj. jR; Qj/
2L kD1 2L
X . xn X .

D uj. jQj/C uj. Jl(jQ(; Qi/
2L kD1 2Ly

D u.Q Qy

since for eachk, i oL, Ui 18 Qj/ D i a1, Y- i Qj/ by the induction hy-
pothesis
We can already seethat the set of solutionsto theseequations if nonempty is
positive-dimensional.If player i actsat the root , then for any edge e emerging from
, i-€¢/ doesnot appearin ary of the equations
All the monomials occurring in these equationsare squaefree For each leaf
under , let the pathfrom to be D 1::: ¢ D . Thenfor ary player j with pure

strategy €, we have Pr[ j§, Q] D Q:‘Dll Prl ! c1i® Q ], andeachnonconstant
term in the productis . |! |c1/ for someplayer n 6Dj. Sofor any edge e where

n acts the variable ,.€ occursat mostoncein sucha product. In fact ,.e occurs
in sucha product for at mostonee?2 E. |/. (That is, if 2 E. |/ then ,.¢ and
n.€7 do not both occur in this monomial. So condition 2 of Theorem 1 holds)
When we eliminate ,.e,,/, we replaceit by an af ne expression,so this remains
true. Thus condition 1 of Theorem 1 holds
The equationscorrespondingto E. / fg gconcem only the subgamebelow
so j. ! / occursin theseequationsonly if isanancestorof . Furthermore, if
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i actsat below ,then ;.¢ doesnot occurfor ary edgee2 E. / fq g sincewe
X thati choosesg . For the samereason j.€ doesnot occurfore2 E. / fg g
for any thatliesbelow but not below g . Thus condition 3 holds

Our result doesnot contradict Harsatryi's generic niteness theorem [2], because
generically, iterated elimination of weakly dominated strategies/backward induction
will lead to a unique subgameperfect equilibrium (and so indeed there will be no
totally mixed Nash equilibria). On the other hand, anotherway to look at our result
is that in every interestingxtensive-form game—onewhich is not completely solved
by backward induction, giving a unique equilibrium—the set of totally mixed Nash
equilibria is alsointeresting; it haspositive dimension.

In patticular, if is a node all of whose children are leaves the equationscorre-
spondingto  will be equationsbetween constants stating that for the player i who
actsat , the utilities u;. / at all the leaves below must be equal. This is true if
iterated elimination of strictly dominated pure strategies hasalready been performed
on this game

It is clearthat the systemof equationswe obtainedis not canonical,sincewe have
made arbitrary choicesof the edgesg and the subtreesbelow eachpossilbe choice
are different. Choosing a different systemmay make it easierto compute the set of
guasiequilibia.

We now presentan example where the set of totally mixed Nash equilibria is a
positive-dimensionalsemialgbraic variety. Considerthe extensive form game speci-
ed in Figure 4. The polynomial graph associatedvith this gametree is depictedin
Figure 3.4. For brevity, we write for example :.C/for 1.A! C/. The quasiequi-
libria obey a systemof 4 equationsasin Theorem 7. The equationassociatedvith the
edee E! G equatesthe payoff to player 3 from choosingthis edge with that from
choosingthe edge E! F, i.e., us.F/ D u3.G/. No variablesoccur in this equation,
that is, it is an equation between constants Similarly, the equation associatedwith
theedge E! H isus.F/ D uz.H/. The equationassociatedvith the edge C ! E is
up.D/ D up.E/, where we have written u,.E/ for the expectedpayoff us.E; 2/ to
player 2 for choosingthe edge C ! E, given the stratagy pro le of the other players
In this caseus.E/ D up.F/ 3.F/ Cux.G/ 3.G/Cu.H/ 3.H/, so

U.D/ D u.F/ C.up. G/ W.F/l 3.G/C.ux.H/ up.F/l 3.H/:
Finally, the equation associatedo the edge A! C is
u;.B/ D u.C/
D u.D/.1 2. E//Cu.Fl 2.E.1 3G/ 3. H/I
Cui1.G/ 2.E/ 3.G/Cu.H/ 2.E/ 3.H/:
Looking at the speci ¢ payoffs in Figure 4, we seethat the payoffs to player 3 for
choosingF, G, or H are equal, asrequired. Equatingthe payoffs to player 2 for

choosingD or E, we get 6 3.H/ D 2, or 3.H/ D % This leaves 3.G/ freeto

vary suchthat0 < 3.G/ < % Finally, we must equatethe payoffs to player 1 for

choosingB or C. This gives

3
2.1 2.E/IIC ,.El. 3.G/Cl/D§

or 1
2.El.1 3.G// D E:
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2

(3/2,0,2@
(2,2,0) ﬁ \<

(0,0,1) (1,0,1) (3,6,1)

FIGURE 3. An Extensve Form Game

Thus the points 3.G/ and ,.E/ lie on a hyperbola. This hyperbola intersects
the interior of the product of simplices For instance the point 3.G/ D 1—52 (so

3.F/ D 3) and ,.E/ D $ liesin this intersection. So the setof quasiequilibia is a
portion of a hyperbolic cylinder, the product of a sggment of a hyperbolawith aline
sgment (since 1.B/ variesfreelywith 0< 1.B/ < 1).

We cananalyzethis gamealittle further. Player 3 would like player 1 to sometimes
choose B, but cannot force player 1 always to chooseB, sinceif player 2 always
choosesD then both player 1 and player 2 are better off with player 1 choosingC.
The best player 3 can do is make the payoffs to player 1 from choosingB and C
equal. Now if player 3 made player 2 get a greater payoff from choosing D than
E, then player 2 would always choose D, player 1 would aways chooseC, and
player 3 would get nothing. So player 3 must make u,.D/  uz.E/. We analyzed
the caseu,.D/ D up.E/ above. If player 3 makes 3.H/ > % then up.D/ < uwp. E/
and player 2 will aways chooseE. Then the payoff to player 1 from choosing C
is 3.G/C3 3.H/. Thuswe have 3.G/C3 3.H/ D 3 with £ < 3sH/ 3
(this makes O 3.G/ < % and% < 3.F/ %). Then 4.C/ varies freely with
0 1.C/ 1, so we have a rectangle of partially mixed equilibria. Player 3 is
better off choosingthese sincethen the outcome D where player 3 gets zero payoff
is never reached.Along the line 3.G/C3 3.H/ D 3 equilibria with greater 3.H/
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FIGURE 4. AssociatedPolynomial Graph For An Extensve Form Game

Paretodominge those with smaller 3.H/, i.e., they make someplayer better off and
no player worseoff. Speci cally, the payoff to player 2 increasesthe payoff to player
1 is always g and the payoff to player 3 stays the sameat 2.1 1.C/I/IC 1.C/ D
2 1.C/. Thus the Pareto dominant equilibrium among those on this line is that
playjer3has 3.F/ D1, 3G/ DO,and 3.H/D % On the other hand, at the pure
strategy equilibrium where player 3 always choosesH, we have that player 1 aways
choosesC, and the payoff to player 3 falls from 2 1.C/ to 1. Thus player 3 does
not prefer this equilibrium, and insteadmixesF and H equally to have somechance
of a higher payoff. As 1.C/ increasesthe payoff to player 3 decrasesand the
payoff to player 2 increasesso the equilibria along this line do not Pareto dominate
each other. Thus without introducing other issues(such as risk-aversion) there is
no criterion for predicting which of the equilibria along the line 0 < 1.C/ < 1,
2.E/D1, 3.F/ D 3.H/D } shouldbe chosen.

5. GAMES W ITH EMERGENT NODE TREE STRUCTURE

Sofar we have beendiscussinghormal form gameswith nite numbersof players
eachwith a nite number of pure strateggies Sucha gameis de ned by giving a set
of players| D f1;:::; Ng for eachplayer i a nite setof ere strategies Sj, and for
eachpure stratagy pro le (elementof the product SD " ,, §) and eachplayer i
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the utility u;. / receved by that player when that strategy pro le is played. Now we
will introduce a particular kind of structure that a normal form gamemay have.

We now de ne an emermgntnoddreestiuctureon a normal form game This is a new
model for gamesin which the players can be hierarchically decomposednto groups
Usually suchhierarchical decompositionis discussedn the framework of cooperative
game theory. Instead, we de ne certain conditions on the payoff functions in a
noncooperatve gamesuchthat a given hierarchical decomposition“makessense”,in
a way that we will de ne precisely At the end of this sectionwe briey descibe
how our framework relatesto that of cooperative gametheory.

De nition.  An emermgnt nodetreestiuctureon a normal form gamed/vith player
| D fl;:::;Ng pure stratggy setsS; for i 2 I, and utility functionsui: “;,, S ! R
to consistof:

A tree T with N leaves The leaves are in bijection with the players| D

of its siblings, and f.v/ for its parent.

For each non-leaf, non-root node v of the trée (which we call an ememgnt
playen, a setS, of pure strategies with jSj w2C, JSwi-

For ea@h non-leaf, non-root node v, for eachelement sc, of the product
Sc, D " y2c, Swof the pure strategiesof its children and eachelements, of
Sy, anumber py.K; ¢,/ signifying the probability that the (emement) strategy
of the ememgent player v is s,x when the ﬁtrategiesof its children are given by
.. Soif v hasK pure strategies then 5, pv.k; sc,/ D 1. If the children
of v execute a mixed strategy, then the emeigent mixed strategy of v is given
by multilinearity. Thus we have de ned a linear map from the strategy space
of the children to the strategy spaceof the parent. We require that this map
have full rank.

For eachnon-root node v (including the leaf nodes), real numbers , for
each nondoot ancestorw of v and real numbers U,.g for each element
s2S, w2B, Sw- From thesewe de ne a utility function uy, which is a
sumof two terms: Uy. vg,/, almultilinear function of the strategiesexecuted
by v andits sidingsin By, and | 5nro0t ancesorsy  vwbw. We require that the
utility function u, at a leaf node v be equalto the utility function u; of the
player i correspondingto the leaf node v.

We will referto an emeigent node tree structure asan ENT for short. Note that
for a given normal form game we can always de ne a classof ENTs by de ning
a tree with a single emeigent node (the root node), so that all the leaf nodes are
sibings. We call suchan ENT trivial. For ary given normal form game there need
be no nontrivial ENT, or there may be mary distinct possitbe ENTSs.

The behavior of the ememntplaersis completely determined by the behavior of
the actualplayers (the leaf nodes). The emergntstetey  executedby the ememgent
player v when the actual players execute strategy pro le is de ned recursvely by
multilinearity:

X Y
v-Su/ D pv.K; & w-Sw/:
2S¢, w2Cy

Sowe compute the ememgent stratggies from the bottom up.
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AN

America ; Soviet Union ;

American citizen Soviet saboteur Soviet citizen American saboteur

FIGURE 5. Emement Node Structure For The Séoteur Game

From the above de nition, we seethat at a non-root node w of the tree the utility
function is

X
Uu. / D Uy w/C welly. [/
X nonroot ancestor v X
D Uw.9 w.S/ x-S/ C wely. /:
2 Sy szBW Sx X2Bw nonroot ancestor v

So we compute the utility from the top down.

We seethat the utilities of each actual player (the leaf nodes) may depend on
the strategies executed by every other actual player. Sq the graphical model of the
actualgamemay be the complete graph. Imposing an emeigent node tree structure,
correspondsto deleting some of these edges and adding more nodes and edges
connected to those nodes to the graph, so that the new graph has a nontrivial
structure. With the addition of the new variables .s,/, we get more information
about the sparsityof our multilinear equations

In our de nition, we did not require that the numbers ,, have the samesign for
all descendanty of a node w. Thus, our de nition doesnot require that the emer-
genceof a node representa common interestamong its descendanhodes(although
of courseit doescover that situation).

For example considera normal form gamewith the ENT in Figure 5 where the
leaf nodescorrespondto

(1) An American citizen
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(2) A Soviet saoteur living in America
(3) A Soviet citizen
(4) An American saoteur living in the USSR

The parent of nodes1 and 2 is node 5, correspondingto America, the parent of

nodes3 and 4 is node 6, correspondingto the USSR, and the the root is node 7,

correspondingto the world. Then while 15> 0and 35 > 0, we have 25 < 0 and
46 < 0.

We now de ne anatural re nement of the equilibrium conceptfor gameswith an
ENTs.

De nition. If a normal form gamehasan ENT asde ned above, then a Nash
equilibrium  of that gameis hiearchicall peréctwith respectto this ENT if for every
emeigent node v, given the strategies induced on the sildings of v by , the payoff
u.v/ at v cannotbe increasedoy changng only .v/.

Note that since our de nition requires the linear map from the strategy space
of the children of v to the strategy spaceof v to be full-rank, ary stratggy °v/
deviating from .v/ which could resultin a higher payoff u.v/ would be achievable
by somestratagy pro le of the descendant®f v.

We will alsoneedthe following de nition:

De nition. A strategy pro le of anormal form gamewith an ENT is totaly mixed
with respecto this ENT if it is totally mixed in the usual senseand the emergent
strategies at eachemeigent node are alsototally mixed.

Theorem 8. Fora geneic gamewith an ENT asabee, consticta directediphicalmodel
G whosenodesrethenode®f thetreeexceptheroot,with edgsasfollavs: thechildrerin
T of a nodev fom a directediquein G, andeactsuchchildalsohasa directegédg from
v andeachancestaof v exceptheroot,andfromeachof theirsidings Thenthe Benstein
numberwve obtainby appling Theoren® to this directediephicalmodels an uppetbouncon
the numbeof totally mixed Nash equilibia of this gamewhicharehiearchicall peréctand
totally mixedwith respedb thiSENT.

Proof This is the graphical model we would obtain if all the emegent players were
actual players That is, we have ignored the equations
X Y
v-Si/ D pv.K; & w-Sw/:
S25Cv w2Cy

So the set of totally mixed Nash equilibria of our game which are hierarchically
perfectwith respectto this ENT is a subsetof the setof totally mixed Nashequilibria
of the gamewith this graphicalmodel.

Geneiically, there may be no hierarchically perfect totally mixed Nash equilibria.
If the systemof equationsde ning the quasiequilibia of the gamewith the directed
graphical model is 0-dimensional, then none of the nitely marny solutionsto this
systemmay satisfythe additional equations

X Y
v-Sik/ D pv-k; ¢ w-Sw/:
QSCV WZCV

For example considera gameasin Figure 5 in which eachactual player hastwo
pure stratgyies and eachemeigent player alsohastwo pure strategies Geneiically, a
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FIGURE 6. GraphicalModel For The S@oteur Game

gamewith 4 players eachwith 2 pure strategies would have

1
11
11§
01D9
10

-
@
&z

R R OPR

qguasiequilibia. On the other hand, if the gamehasan ENT asin Figure 5, then the
directed graphical model given by the theorem is asin Figure 5. Thus there is no
more than

% 100 1 0

100010

000101

PerBo 0 1 0 o 16P1
0000 1

000010

quasiequilibium which is hierarchically perfectand totally mixed with respectto this
ENT. Indeedthis would hold whenever the ENT is abinary tree that is, eachnon-leaf
node hastwo children, and all sidings have the samenumber of pure strategies

For example sa that if players1 and 2 either both choosetheir Oth pure strategy
or both choosetheir 1st pure stratagy, then the emergent strategy of node 5 is ss3,
otherwise it is s50. Similarly, if players 3 and 4 either both choosetheir Oth pure
strategy or both choosetheir 1st pure strategy, then the emegent strategy of node 6
is ss1, otherwiseit is szp. Let Us and Ug be given by

(@)
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(where the .i; j/th entry is the pair Us.ss; Sj/; Us. Ssi; Sj/). Let 1 D 3D 1 and
2D 4D 1. LetU; andU; be given by

$0 1
so 0,0 0 1 |
3) s1 1,0 41
andlet Uz and U4 be given by
S0 S

0 0,0 O 1

(4) 31 1,0 32

We abbreviate .51/ as i by abuseof notation. At atotally mixed Nashequilibrium

which is hierarchically perfectand totally mixed with respectto the ENT of Figure
5, wehave 0D Us.S50; 6/ DUs.Ss1; 6/ D7.1 ¢/ 5 6D7 12 6,50 6D 5.
Similarly we hate 0D .1  s/C s5D2 5 1so 5D 3.

We alsohave u;.s10; 2; 5, 6/ D Ui.S10; 2/Cus. s; g/, which we mustequate
to ui.s11; 2; s, e D Ui.si1; 2f Cus. 5, 6/, for hierarchical perfection (here
we are ignoring the fact that s is a function of ; and ). This gives us that
0D Ur.si0; 2/ DUrsiy; 2/ D.1 o/ 4,D1 55 50 D Z. Similarly
we have Uz2.%0; 1; 5, e D U2.%0; 1/ Us. s5; s/, which we must equateto
Ww.91; 1; 5 6 D Uai; 1/ Us. 5 6f, SOU2.S0; 1/ D Uz.$1; 1/. This
givesOD .1 1/C 1D2 1 1,50 1D 3 WealsohareOD.1 4 3 4D
1 44,50 4D3%and0OD .1 3/C23D3 3 1,50 3D

Finally, we checkthat 1 »C.1 1/.1 2 D%CH DD s and

34C.1 3.1 4 DHCSD 5D 6 Nowgiven g, player 1 cannotincrease
either U1 or us by changng only 1, soplayer 1 cannotincreaseu;. Similarly, player
2 can neither increaseU; nor decreasg by changng only », so player 2 cannot
increaseuy. In this way, we seethat is a Nash equilibrium of the actualgame

A strategy prole of the actual players is a point in the product of probability
simplicescorrespondingto their actualstrategy spacesWhen we passo an ememgent
player one level up, we project the product of simplicesfor the actual players below
that emergent player to a smallerdimensionalsimplex, the spaceof emeigent mixed
strategies of this emeigent player. That we are able to do this meansthat the payoffs
to other actualplayers not below this emeigent player, dependonly on the choice of
a point in the smallerdimensionalsimplex by theseactual players

We canuseENTSs to analyzecertain cooperatve games We considereachcoali-
tion to be an emement player. An actual player's pure stratagies specifythe highest
level of coalition to join. So the number of its pure strategies is the number of its
ancestordn the tree(includingitself). Eachcoalition formsif all its descendantaigree
to join it, otherwise it doesnt form. The number of pure strategies of a coalition
is one more than the number of its ancestors(including itself). Its pure strategies
correspondeither to the highestlevel of coalition containing this coalition which its
membershave agreedto form, or to not forming this coalition itself. The function
Uy for each coalition v is zero if the coalition forms and is equal to the value of
the coalition if it doesform; it doesnot dependon the actionsof v's sidings. The
number y, representsv's shae of the gain from the larger coalition w, if it forms

Note that a given ENT does not allow all possille subsetsof players to form
coalitions but only certain ones We could extend the de nition to all possille
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subsetsby positing that for any partition of a coalition into subcoalitionsnot in the
tree the subcoalitionsrecevesthe sameutility by joining or not joining the coalition.
Thus not all cooperative gamescorrespondto ENTs. Those that do, however, may
often occur in modeling real situations
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