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ABST R ACT. We prove a theorem computing the number of solutionsto a systemof
equationswhich is generic subject to the sparsityconditions embodied in a graph.
We apply this theorem to gamesobeying graphical models and to extensive-form
games. We de�ne emergent-nodetreestructuresas additional structures which normal
form gamesmay have. We apply our theorem to gameshaving suchstructures. We
brie�y discusshow emergent node tree structuresrelate to cooperative games.

The set of Nash equilibria for a gamewith generic payoff functions is �nite [2].
This implies that the set of totally mixed Nash equilibria for a game with generic
payoff functions is also �nite . Theseare the real solutionsto a systemof polynomial
equationsand inequalities. The complex solutions to the systemof equationsare
called quasiequilibria. Thus, the set of totally mixed Nash equilibria is a subsetof
the set of quasiequilibria. In fact, the set of quasiequilibria is also �nite in the most
generic case, and its cardinality can be computed as a function of the numbers of
pure strategies of the players. Thus, this is an upper bound on the number of totally
mixed Nashequilibria. Even in a nongeneric case, aslong asthe setof quasiequilibria
is �nite , its cardinality will be boundedabove by the number in the generic case.

For the main theorem of this article, Theorem 1, we hypothesizea setof technical
conditions that a systemof polynomial equationsmay satisfy, which are encodedin
an associatedgraph, the polynomialgraph, and we prove a formula describing the
number of solutions in this case. We then show how to associatesuch a graph to
three specialclassesof games. The �rst two are graphicalgamesand extensive-form
games. The last is gameswith emergent nodetreestructure, a new model for games
in which the players can be hierarchically decomposedinto groups. Usually such
hierarchical decomposition is modelled by cooperative games, and we brie�y discuss
how our model is relatedto, yet differs from, the cooperative framework.

1. GEN ERIC N UM BER OF ROOTS OF A SPARSE POLYN OM IAL SYSTEM

The following theorem tells us the number of 0-dimensionalcomplex roots (none
of whose componentsare zero) of a systemof polynomial equationswhich obeys
certain sparsityconditions and is otherwise generic. Our formulation of this theo-
rem is motivated by the applicationsto game theory which follow, although such
polynomial systemsmay arise in other contexts.

Theorem 1. Supposethat 0 < d 2 N andthat wearegivena partition f1; : : : ; dgD
` N

iD1 Ti

of f1; : : : ; dg. Write di D jTi j. Supposefurther that we aregiven a directedgraph G, the
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polynomial graph, ond vertices, denotedv1; : : : ; vd, withoutself-loopsandwith theproperty
that for any v j andTi , if thereis somek 2 Ti suchthat thereis an edge fromv j to vk in G,
thenfor every k 2 Ti thereis an edge fromv j to vk in G. Let

f1. � 1; : : : ; � d/ D 0;

f2. � 1; : : : ; � d/ D 0;
...

fd. � 1; : : : ; � d/ D 0

be a system(1) of d polynomialequations in d variables � 1; : : : ; � d with the following
properties:

(1) All monomialsoccuring in the fi 's aresquarefree.
(2) If � j ; � k 2 Ti with j 6Dk then � j and � k donotbothoccurin any monomialof any

of the fi 's.
(3) If thereis noedge fromv j to vk in G thenthevariable � k doesnotoccurin f j .

Thus, the equations are multilinear, and they are linear over the variables from eachTi .
Constructa d � d matrix M asfollows: If variable � k occursin thepolynomial f j , with Ti
thesubsetcontainingvk, then

M jk D
1

.di !/ 1=di
;

otherwiseM jk D 0. If thesystem(1) is 0-dimensional,thenthenumberof its solutionsin
.C� / d (i.e. suchthat � k 6D0 for all k) is boundedabove by thepermanentof M, andis equal
to thepermanentof M for generic coef�cients.

Proof. W ithout lossof generality, assume

Ti D

(

1 C
i � 1X

lD1

dl ; 2 C
i � 1X

lD1

dl ; : : : ; di C
i � 1X

lD1

dl

)

;

that is, that the Ti 's are contiguous.
Let ai j D 1 if there is an edge in G from v j to vk for k 2 Ti , and ai j D 0 otherwise.

Then the Newton polytope Pj of f j is the Cartesianproduct P1 j � P2 j � � � � � PN j ,
where Pi j is the convex hull of the scaledcoordinate vectors

�
ai jek j k 2 Ti

	
and

the origin. For i with ai j D 1, Pi j is the di -dimensional unit simplex, and for i
with ai j D 0, Pi j degeneratesto the di -dimensionalorigin (which is a 0-dimensional
simplex). By the Bernstein-Kouchnirenko Theorem [1] [4], it suf�ces to show that
the mixed volume of the polytopesP1; : : : ; Pd is given by the permanentof M.

Let Q j D � 1P1 C � � � C � jPj , where C denotesMinkowski addition and the scale
factors � 1; : : : ; � j are parameters. We show by induction on j that Q j D Q1 j � Q2 j �
� � � � QN j , where Qi j is the convex hull of

�
.ai1 � 1 C ai2 � 2 C � � � C ai j � j /ek j k 2 Ti

	

and the origin. (If ai1 � 1 C ai2 � 2 C � � � C ai j � j D 0 then Qi j degeneratesto the
origin.) The basecasefollows from our characterization of Pj above. Now consider
the Minkowski sum of Q j D Q1 j � � � � � QN j and � jC1PjC1 D . � jC1P1. jC1/ / � � � � �
. � jC1PN . jC1/ / . It follows from the de�nition of Minkowski sum that this is .Q1 j C
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� jC1P1. jC1/ / � � � � � .QN j C � jC1PN . jC1/ / , and (using the induction hypothesis)that
eachfactor Qi j C � jC1Pi . jC1/ is equal to the convex hull of

�
.ai1 � 1 C ai2 � 2 C � � � C ai j � j C ai . jC1/ ejC1/ek j k 2 Ti

	

and the origin.
The di -dimensionalvolume of the di -dimensionalunit simplex scaledby � in each

dimensionis
� di

.di / !
:

We are interestedin the d-dimensionalvolume of Qd. If ai1 D ai2 D � � � D aid D 0
for somei, then this volume vanishes, and hencethe mixed volume alsovanishes. In
this casethe kth column of the matrix M will be all zeroes for any k 2 Ti , so the
permanent of M also vanishes, and the theorem holds. So assumethat for each i,
there is some j with ai j D 1. Then the volume of Qd is

NY

iD1

.ai1 � 1 C � � � C aid � d/ di

di !
:

Let . gjk / be the adjacencymatrix of G, that is, gjk D 1 if there is an edge in G from
v j to vk and gjk D 0 otherwise. Then ai j D gjk for all k 2 Ti . So the volume of Qd is

Q d
kD1

�
g1k � 1 C � � � C gdk � d

�

Q N
iD1 di !

:

The mixed volume of P1; : : : ; Pd is the coef�cient of � 1 � 2 � � � � d in the above expres-
sion, which is the permanentof . gjk / divided by

Q N
iD1 di !.

It remainsto show that the permanent of M is the permanent of . gjk / divided by
Q N

iD1 di !. Note that M jk 6D0 exactly when gjk 6D0. We induct on N. For the base
case, d1 D d, and each nonzero entry of M is .1=d!/ 1=d. A term in the permanent
of M is the product of d entries from M, so if it is nonzero it is 1=d!. Thus the
permanent of M is 1=d! times the permanent of . gjk / , as required. Now partition
the matrix M and the matrix . gjk / into two vertical bands corresponding to the
subsets[ N � 1

iD1 Ti and TN . The permanent can be computed asthe sum of a term for
eachchoice of dN rows 1 � j1 < � � � < jdN � d: compute the .d � dN / � .d � dN /
subpermanent of the left band obtained by crossing out those rows, compute the
dN � dN subpermanent of the right band correspondingto those rows, and multiply
them together. By the inductive hypothesis, the left subpermanent of M is the left
subpermanent of . gjk / divided by

Q N � 1
iD1 di !. For the right subpermanent, every row

is either all nonzero or all zero. If any row is all zero, both right subpermanents
vanish. If every entry is nonzero, then all the entries are the same: gjk D 1 and

M jk D .1=dN !/ 1=dN . The right subpermanent of M is dN !
�
.1=dN !/ 1=dN

� dN
D 1, and

the right subpermanentof . gjk / is dN !. So the whole term for M is the whole term
for . gjk / divided by

Q N
iD1 di !. �

We note that if the coef�cients are generic subject to the conditions given in
Theorem 1, all the solutionsto the systemwill lie in the torus .C� / d. In what follows
we will refer to “the number of solutions in the torus .C� / d” as “the number of
solutions” by abuseof language.
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Corollary 2. Convert thedirectedgraphG of Theorem1 intoa bipartitegraphon2d vertices,
with thesourceof every edge on theleft sideandthetarget of every edge on theright side. If
thesystemin Theorem1 is 0-dimensionalwith generic coef�cients, thenit hasa solutionif and
only if thisbipartite graph hasa perfectmatching.

Proof. From the proof of Theorem 1, we seethat the number of solutionsis nonzero
if and only if the permanent of the adjacencymatrix is nonzero. It is a well-known
fact that this is equivalent to the existenceof a perfect matching: any permutation
� which contributesa nonvanishingterm

Q d
jD1 gj � . j / to the permanentcorresponds

to a perfect matching, where vertex j on the left is matchedto vertex � . j/ on the
right. �

In fact, we could have used the bipartite graph in Theorem 1. However, we
de�ned the polynomial graph to be the directedgraph to remain consistentwith the
usualde�nition of graphicalmodelsof games.

Corollary 3. If thesystemin Theorem1 is 0-dimensionalandhasa solution,thenevery
nodein thegraph G liesona directedcycle.

Proof. As in the proof of the previous corollary, a permutation � must exist suchthat
j hasan edge to � . j/ for every j D 1; : : : ; d. This permutation can be expressedasa
product of disjoint cycles. Eachnode lies in one of thesecycles, and a cycle of the
permutation correspondsto a directedcycle in the graph. �

We shouldnote carefully that the Bernstein-Kouchnirenko theorem givesthe num-
ber of solutionsto a 0-dimensionalpolynomial system.So when the number given by
that theorem—in particular, the permanent of the matrix in Theorem 1—vanishes,
eitherthe polynomial systemhasno solution, or its solution sethaspositive dimension.

Note that the conditions on G imply that the matrix M has a di � di block of
zeroesalong its diagonal for i D 1; : : : ; N. This is becauseG hasno self-loops, and
if it had an edge from an element v j of Ti to any other element vk of Ti , then there
would have to be an edge from v j to every elementof Ti including itself.

2. FIN ITE GAM ES

In the remainder of this article, we apply Theorem 1 to game theory in a few
different contexts. We now introduce the notation we will need from gametheory.
The conceptswe describe in this section can be found in a standard game theory
text suchas[8]. However, in somecaseswe usesimpli�ed notation for the restricted
situationswe will consider.

Game theory is the study of strategic interaction. Such interaction takes place
between multiple agents in a single setting, or environment. An agent is an entity
which can receive information about the stateof the environment (including itself and
other agents), take actionswhich may alter that state, and expresspreferencesamong
the various possible states. Thesepreferencesare encodedfor eachagent by a utility
function, a mapping from the set of all statesto R. Its value for a particular state is
the utility of that state for the agent. The agent prefers one state to another if its
utility is greater, and is indifferent between them if their utilities are equal.1 Changes

1Insteadof specifyingthe utility of eachstatefor eachagent, one might specifythe change in utility, or
marginalutility, which accruesto eachagent upon eachtransitionbetweenstates. Clearly any utility function
inducesa marginal utility function, but unlessone imposesadditional conditionsa marginal utility function
may not induce a utility function. Sucha marginal utility function, which one might call intransitive, could
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in the stateof the environment may also occur spontaneously(i.e., not due to the
actions of any of the agents). A strategy is a (possibly stochastic)rule for an agent
to choose an action at every point when the agent may act, given the available
information. A rational agent is one whose strategy maximizes its expected utility
under the circumstances.

We will restrict attention to gameswhich take place in a �nite number of time
stepsbetweena �nite number of agents, eachof which hasa �nite number of possible
actions. The agentsare called players, and whenever they take an action they are said
to move. A spontaneouschange in the stateof the environment is called a move by
nature. The gameis over when no player (including nature) hasany possible actions.
The stateof the environment at sucha terminal stage is called an outcome. Generally
preferencesare speci�ed only over outcomes, not at intermediatestagesof the game.

The �rst type of game we will consider is the normal-form game. In a normal-
form game, there is only one time step, at which all the playersmove simultaneously.
We denote the set of players by I D f1; : : : ; Ng. The actions a player can take are
called purestrategies. We associateto the players �nite disjoint setsof pure strategies
S1; : : : ; SN . For each i let di D jSi j � 1. We wr ite the set Si as fsi0; : : : ; sidi g. We
wr ite S D

Q
i2 I Si . Gameplay consistsof the collective choice of an elementof S by

the players: eachplayer i movesby choosingan element of Si . We identify S asthe
set of possible outcomes. We denote by ui .s/ the utility for player i of the outcome
s 2 S. Thus, the gameis completely speci�ed by the number N of players, the sets
Si of pure strategies, and the utility functions (or payoff functions) ui : S 7! R.

A player may move stochasticallyrather than deterministically. In that casethe
player is saidto execute a mixedstrategy. The mixed strategy speci�es the probability
with which the player chooseseachpossible action. The set 6 i of mixed strategies
of player i is the set of all functions � i : Si 7! [0; 1] with

P
si j 2Si

� i .si j / D 1. That
is, it is the di -dimensionalprobability simplex. We wr ite 6 D

Q
i2 I 6 i . An element

� of 6 , which speci�es the strategies executedby all the players, is called a strategy
pro�le. If the players execute the strategy pro�le � , then the probability of outcome
s is � .s/ D

Q N
iD1 � i .si / . The expectedutility for player i of the strategy pro�le � is

given by multilinearity asui . � / D
P

s2S ui .s/ � .s/ .
When considering how agent i shouldbehave, it will be convenient to separateout

i 's own strategy, over which i hascontrol, from the strategiesof all the other players.
We wr ite 6 � i D

Q
j2 I � f ig 6 j , and we wr ite � � i for the image of � 2 6 under the

projection � � i from 6 onto 6 � i . By abuseof notation, we wr ite ui . � i ; � � i / for the
ith player'sexpectedpayoff from the strategy � whoseith componentis � i andwhose
other componentsare de�ned by � � i . � / D � � i .

We assumeperfectinformation: each player knows the complete speci�cation of
the game, knows that every player knows, knows that every player knows that every
player knows, ad in�nitum. That is, the speci�cation of the gameis commonknowledge.
Under these circumstances, what is rational behavior? In his landmark paper [7],
John Nash answered this question in terms of what is now called bestresponse. A
best responseof player i to the strategy pro�le � is a mixed strategy � �

i such that
ui . � �

i ; � � i / � ui . � 0
i ; � � i / for any other mixed strategy � 0

i of player i. That is, given
that all the other players execute the strategy pro�le � � i , the mixed strategy � �

i

still be a useful model of reality. For example, one wouldn't necessarily feel the sameabout being laid off
and then immediately rehired asif one had simply continued in the sameposition. However, we will not
considersuchintransitive marginal utility functions any further.
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maximizesplayer i 's expectedutility. A Nashequilibrium is a strategy pro�le which is
a bestresponseto itself for all the players. That is, it is a strategy pro�le � � suchthat
for eachplayer i, we have ui . � � / � ui . � 0

i ; � �
� i / for every other mixed strategy � 0

i of
player i. Nash proved that suchan equilibrium always exists.

How canwe compute the Nashequilibria of a given game?We needto search the
set 6 of strategy pro�les, which is a polytope: the product of probability simplices.
We can decomposethe problem by stratifying this polytope: �rst we look for Nash
equilibria in its interior, then in the interiors of its facets, then in the interiors of the
facetsof those facets, and so forth, until �nally we look for Nash equilibria at the
vertices of the polytope (that is, pure strategy Nash equilibria). A strategy pro�le �
lies in the interior of this polytope if � i .si j / > 0 for every si j 2 Si , for every i. Such
a strategy pro�le is called totally mixed. Note that a totally mixed Nash equilibrium
neednotexist.

So we concentrateour attention on the totally mixed Nashequilibria. We observe
that for a totally mixed strategy pro�le � to be a Nash equilibrium, it is necessary
and suf�cient that for eachplayer i we have ui .si j ; � � i / D ui .sik; � � i / for any pure
strategiessi j ; sik 2 6 i . Theseequationsare called the indifferenceequationsfor player i.
The suf�ciency is clear. For the necessity, supposeto the contrary that ui .si j ; � � i / >
ui .sik; � � i / . De�ne � 0

i by

� 0
i .si l / D

8
><

>:

� i .si j / C � i .sik / ; l D j

0; l D k
� i .si l / ; otherwise

:

Then since � i .sik / > 0, we have

ui . � 0
i ; � � i / D ui . � / C � i .sik /

�
ui .si j ; � � i / � ui .sik; � � i /

�
> ui . � / ;

a contradiction.
So we have a system of

P N
iD1 di equations, ui .si j ; � � i / D ui .si0; � � i / for j D

1; : : : ; di , for i D 1; : : : ; N, in
P N

iD1 di unknowns � i .si j / for j D 1; : : : ; di , for
i D 1; : : : ; N. (Here we have dehomogenized, that is, we have eliminated � i .si0/ by sub-
stituting 1 �

P di
jD1 � i .si j / ). What we are equating are the expressionsui .si j ; � � i / D

P
s� i 2S� i

ui .si j ; s� i / � 1.s1/ � � � � i � 1.si � 1/ � iC1.siC1/ � � � � N .sN / , which are multilinear
polynomials whose coef�cients are the real numbersui .s/ . The (possibly complex)
roots of this systemare called quasiequilibria, and thoseroots which are totally mixed
strategy pro�les (that is, which are real with � i .si j / > 0 and

P di
jD1 � i .si j / < 1) are

the totally mixed Nash equilibria.
Now we seehow Theorem 1 appliesto normal-form games. In this case, each

Ti correspondsto the set of strategies of player i. The blocks of zeroes along the
diagonal imply that a player's expectedpayoffs from their own pure strategiesdo not
dependon the probabilities they have assignedto their own pure strategies, so these
polynomial systemsdo indeed correspond to the equationsfor totally mixed Nash
equilibria of games.

Corollary 4. Considera normalform gamebetweenplayersI D f1; : : : ; Ngwithpurestrategy
setsSi for eachi andgeneric utility functionsui :

Q
i2 I Si ! R. Constructa graph G with

nodes
`

i2 I .Si � fsi0g/ suchthat thereis an edge fromsik to sj l in G if andonly if i 6Dj.
Let thevariable correspondingto sik be � i .sik / andtheequation correspondingto sik bethe
indifferenceequation ui .sik; � � i / D ui .si0; � � i / . Then this systemof equationsobeys the
conditionsof Theorem1, sothenumberof solutionsin thegeneric caseis givenby that theorem.
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This specialcasewasproved asTheorem 2 in [6], so our Theorem 1 is a general-
ization of that theorem.

3. GRAPH ICAL GAM ES

Kearns, Littman, and Singh [3] de�ned the concept of graphicalgames, or games
obeying graphicalmodels. (That paperconsidersundirected graphs, but the extension
to directed graphswhich we will use is straightforward.) A game between players
1; : : : ; N obeys a directedgraphicalmodel, if the payoffs to player i1 only dependon
the actions of those players i2 6Di1 for which there is an edge from i1 to i2 in the
graphicalmodel.

Our theorem appliesin particular to graphical games. As in Corollary 4, we take
the pure strategy setsSi to be the setsTi of Theorem 1. Given a polynomial graph G
asin Theorem 1, we draw an edge from i1 to i2 in the graphicalmodel if there is any
j 2 Ti1 with edgesto the vertices in Ti2 in the polynomial graph G. The polynomial
graph G may not representthe most generic caseof the graphical model, however.
If we are given a graphicalmodel, then to construct its polynomial graph G, for any
edge from i1 to i2, we draw edges in G from every vertex j 2 Ti1 to every vertex in
Ti2 .

Corollary 5. Supposea normal form gamebetweenplayersI D 1; : : : ; N with purestrategy
setsSi for eachi andutility functionsui :

Q
i2 I Si ! R obeys a directedgraphicalmodel


with nodes1; : : : ; N. Constructa graph G with nodes
`

i2 I Si suchthat thereis anedgefrom
sik to sj l in G if andonly if thereis an edge fromi to j in 
 . Thenthesystemof equations
de�ningthequasiequilibria of G satis�es thehypothesesof Theorem1, sothenumberof such
quasiequilibria in thegeneric caseis givenby thepermanentalformula.

For example, considera gamewith 4 players, eachwith 3 pure strategies. Generi-
cally, sucha gamehas

per
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quasiequilibria.
But supposenow that gameobeys a graphicalmodel asin Figure 3.1. The nodes

in the graphical model refer to the players, and the edges specify that the payoff
to the source player dependson the actionsof the target player. For brevity, wr ite
a D � 1.s11/ , b D � 2.s12/ , c D � 2.s21/ , d D � 2.s22/ , e D � 3.s31/ , f D � 3.s32/ ,
g D � 4.s41/ , and h D � 4.s42/ . Since the payoff to player 1 dependsonly on the
actionsof player 2, equating the payoff to player 1 from pure strategies s10 and s11
gives

u1.s10; s20; � / � 2.s20/ C u1.s10; s21; � / � 2.s21/ C u1.s10; s22; � / � 2.s22/

D u1.s11; s20; � / � 2.s20/ C u1.s11; s21; � / � 2.s21/ C u1.s11; s22; � / � 2.s22/
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1 2

4 3
FIGURE 1. Graphicalgame

or

.u1.s11; s20; � / � u1.s10; s20; � / / .1 � c� d/C

C .u1.s11; s21; � / � u1.s10; s21; � / / cC .u1.s11; s22; � / � u1.s10; s22; � / / d D 0:

Thus for player 1 we have two equationsof the form

� cC � d C � D 0;

for player 2 we have two equationsof the form

� eC � f C � D 0;

for player 3 we have two equationsof the form

� gC � h C � D 0;

and for player 4 we have two equationsof the form

� aC � bC � D 0:

Then the associatedpolynomial graph is depictedin Figure 3. The equationassociated
with the node labelled 1a equatesthe payoffs to player 1 from choosings11 (which 1
doeswith probability a) or choosings10. The gamehas

per
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quasiequilibrium. Indeed, this will alwaysbe the casefor a graphicalmodel which is a
directedcycle, where eachplayer hasthe samenumber of pure strategies. The reason
is that the indifferenceequationsin this caseare linear, aswe saw in this example.
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FIGURE 2. Associatedpolynomial graph for graphicalgame

The polynomial graph G asde�ned in Theorem 1 containsmore re�ned informa-
tion than the graphical model. The partition into the Ti 's also can be more re�ned
than the partition of the set of all pure strategies into the setsof pure strategies for
each player. Next we will seean example of such a re�nement when considering
the reduction of extensive-form gamesto normal-form, where actionscorrespondto
branchesof the gametree.

4. EX TEN SIVE-FORM GAM ES

Now we consider�nite horizon extensive-form games. (Seefor example[8], Chapter
6.) Sucha gametakesplacein a �nite number of time steps, at eachof which only a
singleplayer (possibly nature) may move. (Which player moves, and what actionsthe
player is allowed to take, may dependon what moveswere madepreviously.) Sucha
gameis completely speci�ed as follows. We specifya set of players I D f1; : : : ; Ng,
and we specifya gametreeT : a �nitely branching tree of �nite depth in which each
non-leaf node is labelled by a number in 0; : : : ; N, eachleaf is labelled by an N-tuple
of real numbers, and each branch emanating from a (non-leaf) node labelled 0 is
assigneda positive real weight, so that the total weight emanatingfrom sucha node
is 1. (We considerthe branchesof this tree to be directedaway from the root.)

Game play proceedsas follows. Each node of the tree representsa state of the
environment. At eachtime step, if we are at a non-leaf node labelled by i in 1; : : : ; N,
then player i actsby choosingone of the branchesemanatingfrom that node. Then
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the environment undergoesthe transition to the node at the end of that branch, and
we advanceto the next time step. If we are at a non-leaf node labelled by 0, then the
environment insteadmakesa random transition along one of the branchesemanating
from that node; the probability of eachbranch is given by its weight. If we are at a
leaf node � labelled by .u1. � / ; : : : ; uN . � / / , then the gameis over, and eachplayer i
accruesutility ui . � / . Thus, the leaf nodesare the outcomesof the game.

Unlessotherwise speci�ed, we will assumeperfect information. Not only do all
players have common knowledge of the speci�cation of the game, but whenever a
player is about to move, that player knows what moves have been made by all the
other players (including nature) up to that point.

Every extensive-form gameis equivalent to a normal-form game. For eachnode
� of the gametree, we wr ite E. � / for the set of edgesemanatingfrom � . Then the
setof pure strategiesof player i is

Si D
Y

� 2 T
label . � / D i

E. � / :

Given a pure strategy pro�le s2 S D
Q

i2 I Si , we cancompute the probability of each
leaf node � of the gametree. A unique path � 0� 1 : : : � m D � leadsfrom the root � 0 of
T to � . Then Pr[� js] D

Q m� 1
jD0 Pr[� j ! � jC1js], where

Pr[� j ! � jC1js] D

8
><

>:

1; � j is labelled by i 2 I and si � j
D . � j ! � jC1/

0; � j is labelled by i 2 I and si � j
6D. � j ! � jC1/

wt . � j ! � jC1/ ; � j is labelled by 0

and so the utility functions of the normal-form gameare given by

ui .s/ D
X

� 2 T
� l eaf

ui . � / Pr[� js]:

We note that the gamespeci�cation implies certain equalitiesamong the numbers
ui .s/ . If we considerthe set of normal-form gameswith a �x ed set of players I and
outcomesS to be a linear spacewith basisfui .s/ : s 2 Sg, then the extensive-form
gameswith the sameset of players I and a �x ed game tree having S as the set of
outcomeslie in a linear subspaceof this space, given by theseequalities. Let A be the
setof non-leaf nodesof the tree which are not labelled by 0. Then we can identify S
with

Q
� 2A E. � / . For any s 2 S and � 2 A, we wr ite s� D si � , where i is the label of

� . Suppose� 2 A is an ancestorof � 2 A. Then � hasa unique child � that is also
an ancestorof � (possibly � itself). Let � be any other child of � . If s; s0 2 A with
s� D . � ! � / and

s0
� D

(
e; � D �

s� ; otherwise

for someedge e 2 E. � / , then ui .s/ D ui .s0/ . This is becausePr[� js] D Pr[� js0] D 0
unless � is a descendantof � or � is not a descendantof � , and in either case �
cannot be a descendantof � . In short, the node � is never reached,so it doesn't
matter which action is chosenthere.

If different playersactat � and � , then there is no way to eliminatethis redundancy,
but when the sameplayer i actsat � and � , we can do so. In this casewe replace
all the pure strategieswhich are forced to be equal by a singlepure strategy, called a
reducedpurestrategy. Seefor example[8], p. 94.



POLYNOMIAL GRAPHS WITH APPLICATIONS TO GAME THEORY 11

We note that after iterated elimination of strictly dominated pure strategies, for
any node all of whose children are leaves, the payoffs to the player who acts at
that node must be equal at all these child leaves. If nature acts at such a node �
whose children are leaves � 1; : : : ; � k, then we can replace � by a leaf with utilities
ui . � / D

P k
lD1 wt . � ! � l /ui . � / for eachi 2 I . So we assumenature never actsat such

nodes.
For extensive-form games, the equilibrium concept can be re�ned. Eachsubtree

of the game tree inducesa new extensive-form game, called a subgame. Each pure
strategy of the original gameinducesa pure strategy of eachsubgameby restriction
to that subtree, and thus eachstrategy pro�le of the original gameinducesa strategy
pro�le of eachsubgame. A strategy pro�le is a subgameperfectNashequilibrium of an
extensive-form gameif it inducesa Nash equilibrium of eachsubgame.

We can �nd a subgameperfect pure strategy Nash equilibrium by backwards in-
duction. We construct the pure strategy pro�le as follows. We perform iterated
elimination of strictly dominatedstrategies. Then at eachnode all of whosechildren
are leaves, we chooseone leaf (recall that the payoffs of all leavesfor the player who
acts at that node will be the same). We assignthis branch to the corresponding
componentof the pure strategy pro�le , replacethis node by this leaf, and repeatthe
procedure on the resulting subtree.

We begin our analysisof totally mixed Nash equilibria of extensive form games
by noting the following:

Theorem 6. All totally mixedNashequilibria of anextensiveform gamearesubgameperfect.

Proof. Let � be a totally mixed Nash equilibrium of an extensive form gamewith N
playersde�ned by gametreeT . Note that the strategy pro�le inducedby � on every
subgameis alsototally mixed. Let � be a non-leaf node of T . Let Q� be the strategy
pro�le induced by � in the subgameinduced by � . Let Qsj and Qt j be pure strategies
of player j in this subgame. Choose an action for j at each node � that is not a
descendantof � where j acts, such that if � is an ancestorof � then j choosesthe
branch leading towards � , and usethis choice to extend Qsj and Qt j to pure strategiessj
and t j of player j in the original game. (So, sj and t j specifythe sameactionsoutside
the subtree.) Let � 0 : : : � m D � be the unique path from the root � 0 of T to � . We
have u j .sj ; � � j / D uj . t j ; � � j / . Let L be the set of all leavesof T under � and L0 be
the setof all other leaves. Then

uj .sj ; � � j / D
P

� 2L uj . � / Pr[� j.sj ; � � j / ] C
P

� 2L0 uj . � / Pr[� j.sj ; � � j / ]

D
P

� 2L uj . � / Pr[� j.sj ; � � j / ] C
P

� 2L0 uj . � / Pr[� j. t j; � � j / ]

sincesj and t j choosethe sameactionsoutside the subtree. Thus

(1)
X

� 2L

uj . � / Pr[� j.sj ; � � j / ] D
X

� 2L

uj . � / Pr[ � j. t j; � � j / ]:

Furthermore, for any � 2 L, we have

Pr[� j.sj ; � � j / ] D Pr[� j. Qsj ; Q� � j / ]
m� 1Y

kD0

Pr[� k ! � kC1j.sj ; � � j / ]

D Pr[� j. Qsj ; Q� � j / ]
m� 1Y

kD0

Pr[� k ! � kC1j. t j; � � j / ]:
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Noting that the common factor
Q m� 1

kD0 Pr[� k ! � kC1j. t j; � � j / ] in equation (1) is
positive by our choice of sj ; t j and because� is totally mixed, we have that

uj . Qsj ; Q� � j / D
X

� 2L

uj . � /Pr[ � j. Qsj ; Q� � j / ]

D
X

� 2L

uj . � /Pr[ � j. Qt j ; Q� � j / ]

D uj . Qt j ; Q� � j / :

Thus Q� is a (totally mixed) Nash equilibrium of the subgameinduced by � . �

In light of this observation, the divide-and-conquerapproach to �nding all Nash
equilibria of a normal form gamecanbe modi�ed in the spirit of backwardsinduction
to �nding all subgameperfect equilibria (including mixed ones)of an extensive form
game. Recall that in a normal form game, we would considersubproblems in which
one pure strategy of one player i wasremoved. Now we insteadconsidersubproblems
in which, for some edge � ! � where i acts at � , we delete that edge and the
entire subtree below � . We compute the normal form for the game described by
this pruned tree and recursively �nd all its subgameperfect equilibria. Each such
equilibrium � inducesan equilibrium Q� in the subgameunder � in the pruned tree.
To check whether � is an equilibrium of the original game, we recursively compute
all the equilibria of the subgameunder � (where i doesnot act), and check that for
eachsuchequilibrium � , we have ui . Q� / � ui . � / .

We saw during the above proof that for a totally mixed strategy pro�le � , the
equationsu j .sj ; � � j / D uj . t j ; � � j / for all pure strategies sj ; t j of j imply the corre-
spondingequationsfor eachsubtree. The converseimplication alsoclearly holds.

We will now associatea polynomial graph to a system of equations for the
quasiequilibria of an extensive-form game, so that we can apply Theorem 1. For
each node in the game tree where a player acts, we will have a variable for every
edge emanatingfrom that node except one distinguishededge. This is becausethe
sum of the probabilities of choosing each of those edges must be 1, so we elimi-
nateone variable. Thus, we compare the payoffs between choosingthe distinguished
edge and choosingany other edge. The equationswill be indifferenceequationsfor
subgamesof the extensive-form game.

Theorem 7. The setof quasiequilibria of a generic extensive-form gameis eitheremptyor
haspositive dimension.

Proof. Consideran extensive form gamewith players I D 1; : : : ; N and gametree T .
Let A be the set of non-leaf nodesin T not labelled by 0. For each � 2 A, let E. � /
be the set of edges emanatingfrom � . For each � 2 A, let i be the player which
actsat � and pick an elementei � 2 E. � / . Let d D

P
� 2A jE. � / � 1j and partition d as`

� 2A .E. � / � fei � g/ . De�ne a directedgraph G on a setof d vertices
[

� 2A

fne j e2 E. � / � fei � gg

asfollows: there is an edge from ne with e2 E. � / � fei � g to ne0 with e0 2 E. � / � fej � g
if i 6Dj, � is an ancestorof � , either e or ei � lies on the path from � to � , and if i
actsat somenode � between � and � , then the edge ei � lies on the path from � to
� . We will de�ne a systemof equationsequivalent to the equationsde�ning totally
mixed Nashequilibria of the extensive form gameand satisfyingconditions 1 to 3 of
Theorem 1. The polynomial graph G is acyclic, so Corollary 3 implies our assertion.
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First we must state what the equationsare. Fix a node � 2 A and let i be the
player which actsat � . Then jE. � / j � 1 equationsrefer to the subgameinduced by
this node. For each e 2 E. � / , de�ne the pure strategy sie of i in this subgameby
sie. � / D e and sie. � / D ei � for any node � below � where i acts. Wr iting Q� for
the strategy pro�le induced by � in the subgameunder � , the jE. � / j � 1 equations
are the equationsui .se; Q� � i / D ui .sei � ; Q� � i / for e 2 E. � / � fei � g. In theseequations
we eliminated � .ej � / for every � below � where i does not act, by substituting
1 �

P
e2 QE. � / � ef j � g � j .e/ for � j .ej � / .

These are some of the indifference equationsfor the subtree below � , which as
we saw in the previous theorem are implied by the indifference equations for the
whole tree. We show by induction that theseequationsalsoimply all the indifference
equationsfor the subtree below � . (Thus we will have the indifference equations
for every subtree, and hence the whole tree, i.e., the original game.) Firstly, i is
indifferent between all i 's pure strategies in the subgamebelow � , becausealthough
we �x ed i's pure strategies at nodes � below � where i acts to be ei � , we also
have that i is indifferent between i's pure strategies in the subgamebelow � by the
induction hypothesis. Secondly, considerany other player j. Let � 1; : : : ; � m be the
nodes below � where j acts, such that j does not act at any node between � and
� k for any k. Let Qsj ; Qt j be pure strategies of j in the subgamebelow � , and wr ite
Qsj k; Qt j k for the respective induced pure strategies of j in the subgamebelow � k. So
Qsj D . Qsj 1; : : : ; Qsj m/ and Qt j D . Qt j 1; : : : ; Qt j m/ . Wr ite the set L of leaves below � as
L D L0 [

S m
kD1 Lk, where L0 is the setof leaves � suchthat j doesnot act between �

and � and Lk is the setof leavesbelow � k for k D 1; : : : ; m. Then

uj . Qsj ; Q� � j / D
X

� 2L

uj . � j Qsj ; Q� � j /

D
X

� 2L0

uj . � j Q� � j / C
mX

kD1

X

� 2Lk

uj . � j Qsj k; Q� � j /

D
X

� 2L0

uj . � j Q� � j / C
mX

kD1

X

� 2Lk

uj . � j Qt j k; Q� � j /

D uj . Qt j; Q� � j /

since for each k,
P

� 2Lk
uj . � j Qsj k; Q� � j / D

P
� 2Lk

uj . � j Qt j k; Q� � j / by the induction hy-
pothesis.

We can already seethat the set of solutions to theseequations, if nonempty, is
positive-dimensional.If player i actsat the root � , then for any edge e emerging from
� , � i .e/ doesnot appearin any of the equations.

All the monomials occurring in theseequationsare squarefree. For each leaf �
under � , let the path from � to � be � D � 1 : : : � k D � . Then for any player j with pure
strategy Qsj , we have Pr[� j Qsj ; Q� � j ] D

Q k� 1
lD1 Pr[� l ! � lC1j Qsj ; Q� � j ], andeachnonconstant

term in the product is � n. � l ! � lC1/ for someplayer n 6Dj. So for any edge e where
n acts, the variable � n.e/ occursat most once in sucha product. In fact � n.e/ occurs
in sucha product for at most one e 2 E. � l / . (That is, if e; e0 2 E. � l / then � n.e/ and
� n.e0/ do not both occur in this monomial. So condition 2 of Theorem 1 holds.)
When we eliminate � n.en� l / , we replaceit by an af�ne expression,so this remains
true. Thus condition 1 of Theorem 1 holds.

The equationscorrespondingto E. � / � fei � g concern only the subgamebelow � ,
so � j . � ! � / occursin theseequationsonly if � is an ancestorof � . Furthermore, if
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i actsat � below � , then � i .e/ doesnot occur for any edge e2 E. � / � fei � g, sincewe
�x that i choosesei � . For the samereason � j .e/ doesnot occur for e2 E. � / � fej � g
for any � that lies below � but not below ei � . Thus condition 3 holds. �

Our result doesnot contradict Harsanyi's generic �niteness theorem [2], because
generically, iterated elimination of weakly dominated strategies/backward induction
will lead to a unique subgameperfect equilibrium (and so indeed there will be no
totally mixed Nashequilibria). On the other hand, anotherway to look at our result
is that in every interestingextensive-form game—onewhich is not completely solved
by backward induction, giving a unique equilibrium—the set of totally mixed Nash
equilibria is alsointeresting; it haspositive dimension.

In particular, if � is a node all of whose children are leaves, the equationscorre-
spondingto � will be equationsbetween constants, stating that for the player i who
actsat � , the utilities ui . � / at all the leaves � below � must be equal. This is true if
iterated elimination of strictly dominatedpure strategies hasalreadybeenperformed
on this game.

It is clear that the systemof equationswe obtainedis not canonical,sincewe have
madearbitrary choicesof the edgesei � and the subtreesbelow eachpossible choice
are different. Choosing a different systemmay make it easierto compute the set of
quasiequilibria.

We now presentan example where the set of totally mixed Nash equilibria is a
positive-dimensionalsemialgebraic variety. Consider the extensive form gamespeci-
�ed in Figure 4. The polynomial graph associatedwith this gametree is depicted in
Figure 3.4. For brevity, we wr ite for example � 1.C / for � 1.A ! C / . The quasiequi-
libr ia obey a systemof 4 equationsasin Theorem 7. The equationassociatedwith the
edge E ! G equatesthe payoff to player 3 from choosingthis edge with that from
choosingthe edge E ! F, i.e., u3.F/ D u3.G/ . No variables occur in this equation,
that is, it is an equation between constants. Similarly, the equation associatedwith
the edge E ! H is u3.F/ D u3. H / . The equationassociatedwith the edge C ! E is
u2.D / D u2.E/ , where we have wr itten u2.E/ for the expectedpayoff u2.E; � � 2/ to
player 2 for choosingthe edge C ! E, given the strategy pro�le of the other players.
In this caseu2.E/ D u2.F/ � 3.F/ C u2.G/ � 3.G/ C u2. H / � 3. H / , so

u2.D / D u2.F/ C .u2.G/ � u2.F/ / � 3.G/ C .u2. H / � u2.F/ / � 3. H / :

Finally, the equationassociatedto the edge A ! C is

u1.B/ D u1.C /

D u1.D / .1 � � 2.E/ / C u1.F/ � 2.E/ .1 � � 3.G/ � � 3. H / /

Cu1.G/ � 2.E/ � 3.G/ C u1. H / � 2.E/ � 3. H / :

Looking at the speci�c payoffs in Figure 4, we seethat the payoffs to player 3 for
choosing F, G, or H are equal, as required. Equating the payoffs to player 2 for
choosing D or E, we get 6 � 3. H / D 2, or � 3. H / D 1

3 . This leaves � 3.G/ free to
vary such that 0 < � 3.G/ < 2

3 . Finally, we must equatethe payoffs to player 1 for
choosingB or C. This gives

2.1 � � 2.E/ / C � 2.E/ . � 3.G/ C 1/ D
3
2

or

� 2.E/ .1 � � 3.G/ / D
1
2

:
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FIGURE 3. An Extensive Form Game

Thus the points � 3.G/ and � 2.E/ lie on a hyperbola. This hyperbola intersects
the interior of the product of simplices. For instance, the point � 3.G/ D 5

12 (so
� 3.F/ D 1

4 ) and � 2.E/ D 6
7 lies in this intersection. So the set of quasiequilibria is a

portion of a hyperbolic cylinder, the product of a segment of a hyperbolawith a line
segment (since � 1.B/ varies freely with 0 < � 1.B/ < 1).

We cananalyzethis gamea little further. Player 3 would like player 1 to sometimes
chooseB, but cannot force player 1 always to chooseB, since if player 2 always
choosesD then both player 1 and player 2 are better off with player 1 choosingC.
The best player 3 can do is make the payoffs to player 1 from choosing B and C
equal. Now if player 3 made player 2 get a greater payoff from choosing D than
E, then player 2 would always choose D, player 1 would always choose C, and
player 3 would get nothing. So player 3 must make u2.D / � u2.E/ . We analyzed
the caseu2.D / D u2.E/ above. If player 3 makes � 3. H / > 1

3 , then u2.D / < u2.E/
and player 2 will always chooseE. Then the payoff to player 1 from choosing C
is � 3.G/ C 3 � 3. H / . Thus we have � 3.G/ C 3 � 3. H / D 3

2 with 1
3 < � 3. H / � 1

2
(this makes 0 � � 3.G/ < 1

2 and 1
6 < � 3.F/ � 1

2). Then � 1.C / varies freely with
0 � � 1.C / � 1, so we have a rectangle of partially mixed equilibria. Player 3 is
better off choosingthese, sincethen the outcome D where player 3 getszero payoff
is never reached.Along the line � 3.G/ C 3 � 3. H / D 3

2 , equilibria with greater � 3. H /
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E G E H
FIGURE 4. AssociatedPolynomial Graph For An Extensive Form Game

Paretodominate thosewith smaller � 3. H / , i.e., they make someplayer better off and
no player worseoff. Speci�cally, the payoff to player 2 increases, the payoff to player
1 is always 3

2 , and the payoff to player 3 stays the sameat 2.1 � � 1.C / / C � 1.C / D
2 � � 1.C / . Thus the Pareto dominant equilibrium among those on this line is that
player 3 has � 3.F/ D 1

2 , � 3.G/ D 0, and � 3. H / D 1
2 . On the other hand, at the pure

strategy equilibrium where player 3 always choosesH , we have that player 1 always
choosesC, and the payoff to player 3 falls from 2 � � 1.C / to 1. Thus player 3 does
not prefer this equilibrium, and insteadmixesF and H equally to have somechance
of a higher payoff. As � 1.C / increases, the payoff to player 3 decreasesand the
payoff to player 2 increases, so the equilibria along this line do not Pareto dominate
each other. Thus without introducing other issues(such as risk-aversion) there is
no criterion for predicting which of the equilibria along the line 0 < � 1.C / < 1,
� 2.E/ D 1, � 3.F/ D � 3. H / D 1

2 should be chosen.

5. GAM ES W ITH EM ERGEN T N ODE TREE STRUCTURE

So far we have beendiscussingnormal form gameswith �nite numbersof players,
eachwith a �nite number of pure strategies. Sucha gameis de�ned by giving a set
of players I D f1; : : : ; Ng, for eachplayer i a �nite set of pure strategies Si , and for
eachpure strategy pro�le � (element of the product S D

Q
i2 I Si ) and eachplayer i
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the utility ui . � / received by that player when that strategy pro�le is played. Now we
will introduce a particular kind of structure that a normal form gamemay have.

We now de�ne an emergentnodetreestructureon a normal form game. This is a new
model for gamesin which the playerscan be hierarchically decomposedinto groups.
Usually suchhierarchical decompositionis discussedin the framework of cooperative
game theory. Instead, we de�ne certain conditions on the payoff functions in a
noncooperative gamesuchthat a given hierarchical decomposition“makessense”,in
a way that we will de�ne precisely. At the end of this section we brie�y describe
how our framework relatesto that of cooperative gametheory.

De�nition. An emergent nodetreestructureon a normal form game with player
I D f1; : : : ; Ng, pure strategy setsSi for i 2 I , and utility functions ui :

Q
i2 I Si ! R

to consistof:

� A tree T with N leaves. The leaves are in bijection with the players I D
f1; : : : ; Ng. Wr ite Cv for the set of children of a node v 2 T , Bv for the set
of its siblings, and f .v/ for its parent.

� For each non-leaf, non-root node v of the tree (which we call an emergent
player), a setSv of pure strategies, with jSvj �

Q
w2Cv

jSwj.
� For each non-leaf, non-root node v, for each element sCv of the product

SCv D
Q

w2Cv
Sw of the pure strategiesof its children and eachelementsvk of

Sv, a number pv.k; sCv / signifying the probability that the (emergent) strategy
of the emergent player v is svk when the strategiesof its children are given by
sCv . So if v hasK pure strategies, then

P K
kD1 pv.k; sCv / D 1. If the children

of v executea mixed strategy, then the emergent mixed strategy of v is given
by multilinearity. Thus we have de�ned a linear map from the strategy space
of the children to the strategy spaceof the parent. We require that this map
have full rank.

� For each non-root node v (including the leaf nodes), real numbers 
 vw for
each non-root ancestorw of v and real numbers Uv.s/ for each element
s 2 Sv �

Q
w2Bv

Sw. From thesewe de�ne a utility function uv, which is a
sumof two terms: Uv. � v;Bv / , a multilinear function of the strategiesexecuted
by v and its siblings in Bv, and

P
nonroot ancestors u 
 vwuw. We require that the

utility function uv at a leaf node v be equal to the utility function ui of the
player i correspondingto the leaf node v.

We will refer to an emergent node tree structure asan ENT for short. Note that
for a given normal form game, we can always de�ne a classof ENTs by de�ning
a tree with a single emergent node (the root node), so that all the leaf nodes are
siblings. We call such an ENT trivial. For any given normal form game, there need
be no nontrivial ENT, or there may be many distinct possible ENTs.

The behavior of the emergentplayersis completely determined by the behavior of
the actualplayers (the leaf nodes). The emergentstrategy � v executedby the emergent
player v when the actual players execute strategy pro�le � is de�ned recursively by
multilinearity:

� v.svk / D
X

s2SCv

pv.k; s/
Y

w2Cv

� w.sw/ :

So we compute the emergent strategies from the bottom up.
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Soviet Union

1
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2
Soviet saboteur

3
Soviet citizen

4
American saboteur

FIGURE 5. Emergent Node Structure For The Saboteur Game

From the above de�nition, we seethat at a non-root node w of the tree, the utility
function is

uw. � / D Uw. � w/ C
X

nonroot ancestor v

 wvuv. � /

D
X

s2Sw �
Q

x2 Bw Sx

Uw.s/ � w.sw/
Y

x2Bw

� x .sx / C
X

nonroot ancestor v

 wvuv. � / :

So we compute the utility from the top down.
We see that the utilities of each actual player (the leaf nodes) may depend on

the strategies executed by every other actual player. So, the graphical model of the
actualgamemay be the complete graph. Imposing an emergent node tree structure,
correspondsto deleting some of these edges and adding more nodes, and edges
connected to those nodes, to the graph, so that the new graph has a nontrivial
structure. W ith the addition of the new variables � v.svk / , we get more information
about the sparsityof our multilinear equations.

In our de�nition, we did not require that the numbers 
 vw have the samesign for
all descendantsv of a node w. Thus, our de�nition doesnot require that the emer-
genceof a node representa common interest among its descendantnodes(although
of courseit doescover that situation).

For example, considera normal form gamewith the ENT in Figure 5 where the
leaf nodescorrespondto

(1) An American citizen
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(2) A Soviet saboteur living in America
(3) A Soviet citizen
(4) An American saboteur living in the USSR

The parent of nodes 1 and 2 is node 5, correspondingto America, the parent of
nodes3 and 4 is node 6, correspondingto the USSR, and the the root is node 7,
correspondingto the world. Then while 
 15 > 0 and 
 36 > 0, we have 
 25 < 0 and

 46 < 0.

We now de�ne a natural re�nement of the equilibrium conceptfor gameswith an
ENTs.

De�nition. If a normal form game hasan ENT as de�ned above, then a Nash
equilibrium � of that gameis hierarchically perfectwith respectto this ENT if for every
emergent node v, given the strategies induced on the siblings of v by � , the payoff
u.v/ at v cannot be increasedby changing only � .v/ .

Note that since our de�nition requires the linear map from the strategy space
of the children of v to the strategy spaceof v to be full-rank, any strategy � 0.v/
deviating from � .v/ which could result in a higher payoff u.v/ would be achievable
by somestrategy pro�le of the descendantsof v.

We will alsoneedthe following de�nition:
De�nition. A strategy pro�le of a normal form gamewith an ENT is totally mixed

with respectto this ENT if it is totally mixed in the usual senseand the emergent
strategiesat eachemergent node are alsototally mixed.

Theorem 8. For a generic gamewith an ENT asabove, constructa directedgraphicalmodel
G whosenodesarethenodesof thetreeexcepttheroot,with edgesasfollows: thechildrenin
T of a nodev form a directedcliquein G, andeachsuchchildalsohasa directededge from
v andeachancestorof v excepttheroot,andfromeachof theirsiblings. Then theBernstein
numberweobtainby applyingTheorem5 to thisdirectedgraphicalmodelis an upperboundon
thenumberof totally mixedNashequilibria of this gamewhicharehierarchically perfectand
totally mixedwith respectto thisENT.

Proof. This is the graphical model we would obtain if all the emergent players were
actualplayers. That is, we have ignored the equations

� v.svk / D
X

s2SCv

pv.k; s/
Y

w2Cv

� w.sw/ :

So the set of totally mixed Nash equilibria of our game which are hierarchically
perfectwith respectto this ENT is a subsetof the setof totally mixed Nashequilibria
of the gamewith this graphicalmodel. �

Generically, there may be no hierarchically perfect totally mixed Nash equilibria.
If the systemof equationsde�ning the quasiequilibria of the gamewith the directed
graphical model is 0-dimensional, then none of the �nitely many solutions to this
systemmay satisfythe additional equations

� v.svk / D
X

s2SCv

pv.k; s/
Y

w2Cv

� w.sw/ :

For example, considera gameasin Figure 5 in which eachactual player hastwo
pure strategies and eachemergent player alsohastwo pure strategies. Generically, a
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1 2 3 4

65

FIGURE 6. GraphicalModel For The Saboteur Game

gamewith 4 players, eachwith 2 pure strategies, would have

per

0

B
B
@

0 1 1 1
1 0 1 1
1 1 0 1
1 1 1 0

1

C
C
A D 9

quasiequilibria. On the other hand, if the gamehasan ENT asin Figure 5, then the
directed graphical model given by the theorem is as in Figure 5. Thus there is no
more than

per

0

B
B
B
B
B
B
@

0 1 0 0 1 0
1 0 0 0 1 0
0 0 0 1 0 1
0 0 1 0 0 1
0 0 0 0 0 1
0 0 0 0 1 0

1

C
C
C
C
C
C
A

D 1

quasiequilibrium which is hierarchically perfect and totally mixed with respectto this
ENT. Indeedthis would hold whenever the ENT is a binary tree, that is, eachnon-leaf
node hastwo children, and all siblings have the samenumber of pure strategies.

For example, say that if players1 and 2 either both choosetheir 0th pure strategy
or both choosetheir 1st pure strategy, then the emergent strategy of node 5 is s51,
otherwise it is s50. Similarly, if players 3 and 4 either both choosetheir 0th pure
strategy or both choosetheir 1st pure strategy, then the emergent strategy of node 6
is s61, otherwise it is s60. Let U5 and U6 be given by

(2)
�

s60 s61

s50 0; 0 0; � 1
s51 7; 0 � 5; 1

�
;
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(where the . i; j/ th entry is the pair U5.s5i ; s6 j / ; U6.s5i ; s6 j / ). Let 
 1 D 
 3 D 1 and

 2 D 
 4 D � 1. Let U1 and U2 be given by

(3)
�

s20 s21

s10 0; 0 0; � 1
s11 1; 0 � 4; 1

�
;

and let U3 and U4 be given by

(4)
�

s40 s41

s30 0; 0 0; � 1
s31 1; 0 � 3; 2

�
:

We abbreviate � i .si1/ as � i by abuseof notation. At a totally mixed Nashequilibrium
� which is hierarchically perfectand totally mixed with respectto the ENT of Figure
5, we have 0 D U5.s50; � 6/ D U5.s51; � 6/ D 7.1 � � 6/ � 5 � 6 D 7 � 12 � 6, so � 6 D 7

12 .
Similarly we have 0 D � .1 � � 5/ C � 5 D 2 � 5 � 1 so � 5 D 1

2 .
We alsohave u1.s10; � 2; � 5; � 6/ D U1.s10; � 2/ Cu5. � 5; � 6/ , which we must equate

to u1.s11; � 2; � 5; � 6/ D U1.s11; � 2/ C u5. � 5; � 6/ , for hierarchical perfection (here
we are ignoring the fact that � 5 is a function of � 1 and � 2). This gives us that
0 D U1.s10; � 2/ D U1.s11; � 2/ D .1 � � 2/ � 4 � 2 D 1 � 5 � 2, so � 2 D 1

5 . Similarly
we have u2.s20; � 1; � 5; � 6/ D U2.s20; � 1/ � u5. � 5; � 6/ , which we must equate to
u2.s21; � 1; � 5; � 6/ D U2.s21; � 1/ � u5. � 5; � 6/ , so U2.s20; � 1/ D U2.s21; � 1/ . This
gives0 D � .1 � � 1/ C � 1 D 2 � 1 � 1, so � 1 D 1

2 . We alsohave 0 D .1 � � 4/ � 3 � 4 D
1 � 4 � 4, so � 4 D 1

4 , and 0 D � .1 � � 3/ C 2 � 3 D 3 � 3 � 1, so � 3 D 1
3 .

Finally, we check that � 1 � 2 C .1 � � 1/ .1 � � 2/ D 1
10 C 4

10 D 1
2 D � 5, and

� 3 � 4C.1� � 3/ .1� � 4/ D 1
12C 6

12 D 7
12 D � 6. Now given � � 1, player 1 cannotincrease

either U1 or u5 by changing only � 1, so player 1 cannot increaseu1. Similarly, player
2 can neither increaseU1 nor decreaseu5 by changing only � 2, so player 2 cannot
increaseu2. In this way, we seethat � is a Nash equilibrium of the actualgame.

A strategy pro�le of the actual players is a point in the product of probability
simplicescorrespondingto their actualstrategy spaces. When we passto an emergent
player one level up, we project the product of simplicesfor the actual players below
that emergent player to a smallerdimensionalsimplex, the spaceof emergent mixed
strategies of this emergent player. That we are able to do this meansthat the payoffs
to other actualplayers, not below this emergent player, dependonly on the choiceof
a point in the smallerdimensionalsimplex by theseactualplayers.

We can useENTs to analyzecertain cooperative games. We considereachcoali-
tion to be an emergent player. An actual player's pure strategies specify the highest
level of coalition to join. So the number of its pure strategies is the number of its
ancestorsin the tree(including itself). Eachcoalition forms if all its descendantsagree
to join it, otherwise it doesn't form. The number of pure strategies of a coalition
is one more than the number of its ancestors(including itself). Its pure strategies
correspondeither to the highest level of coalition containing this coalition which its
membershave agreed to form, or to not forming this coalition itself. The function
Uv for each coalition v is zero if the coalition forms and is equal to the valueof
the coalition if it doesform; it doesnot dependon the actionsof v's siblings. The
number 
 vw representsv's share of the gain from the larger coalition w, if it forms.

Note that a given ENT does not allow all possible subsetsof players to form
coalitions, but only certain ones. We could extend the de�nition to all possible
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subsetsby positing that for any partition of a coalition into subcoalitionsnot in the
tree, the subcoalitionsreceivesthe sameutility by joining or not joining the coalition.
Thus not all cooperative gamescorrespondto ENTs. Those that do, however, may
often occur in modeling real situations.
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