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1. INTRODUCTION

Given a statistical model M € R’ and a vector of counts u € N’ for some
finite index set I, the problem of maximum likelihood estimation is to find
the element P € M maximizing the likelihood of observing the data u, that
is, maximizing the function

L) = [
i€l
over the model M. We consider, in particular, problems relating to maxi-

mum likelihood estimation on the determinantal varieties of m x n matrices
of rank at most 7.

2. MAXIMUM LIKELIHOOD DEGREE

We consider the problem of the maximum likelihood degree of the al-
gebraic statistical models given by determinantal varieties. Before doing
so, we define the maximum likelihood degree. We define the likelihood lo-
cus Z, of a data vector u to be the set of all regular points of V(P) \
\% ((Hie]pi) D el pi) such that the gradient of L(p) lies in the tangent
space of V(P) at p. There is a Zariski dense open subset V C R* such that
for each u € V, the likelihood locus is a finite set, and the number of points
in this set is independent of the choice of u € V. We define the maximum
likelihood degree (ML degree) as #7,, for any u € V.

The maximum likelihood degree can be computed using Algorithm 2.2.9
of [1], but this algorithm will not run to completion for more complicated
models on typical computers. The saturation step of this algorithm is par-
ticularly resource-intensive. However, by omitting this saturation step, we
are able to compute the following upper bounds on the maximum likelihood
degree of the model of m x n probability matrices of rank at most r:

(r,m,n) | upper bound on ML degree
(2,3,5) 59
(2,3,6) 123

We remark that the bounds are computable in these cases because the num-

ber of 2 x 2 minors of 3 x 5 and 3 x 6 matrices is relatively small.
1
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3. GENERALIZING THE 100 Swiss FRANCS CONJECTURE

In [2], the authors prove the following conjecture of Sturmfels.

100 Swiss Francs Conjecture. The mazximum value of the likelihood func-
tion
4
4 2
L(P) = Hpu‘ X Hpij
i=1 i#]
over the set of all 4 x 4 probability matrices P = (p;;) of rank at most 2 is
attained for

3 3 2 2
1 (3 3 2 2
4012 2 3 3

2 2 3 3

The also conjecture the following generalization of this result:

Conjecture 1. For given 0 < t < s where t,s are two integers, among the
set of all non-negative 4 x 4 matrices whose rank is at most 2 and whose
entries sum to 1, the matrix

vl
+
~+
vl
+
~+

o 5t t
1 sttt stt t t
_ 2 2
ds+12¢ | ¢ ¢ =
t t sttt stt
2 2

is a global mazimum for the likelihood function

4
Lsy(P) = prz' x Hpgj-

i=1 i£j

We show that the method of [2] extends to the following case of this
generalization:

Theorem 1. Let M be the unique positive root of the polynomial
p(x) = 927 + 2325 — 1822° — 150" + 252523 + 190722 — 126402 — 16068.

(Note M = 2.761157). The conclusion of Conjecture 1 holds provided that
1<s/t<M.

The proof uses the same methods as [2], so we primarily provide details
where they diverge from that source.

As in [2], we can scale our probability matrices by 42 = 16, so that the sum
of the entries is 16. Evidently, this scaling will not affect the maximization
problem. The row and column sums of an optimal solution must all be 4,
so using the singular value decomposition theorem, can then write a rank 2
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matrix P as

14+a1by 1+agby 1+azby 14 aghy
1+ a1by 14 agby 14+ agby 1+ asby
1+ a1bs 14+ agbs 1+ asbs 1+ aqbs
1+a1bys 14+ asby 1+ agby 1+ aqby

For convenience of notation, we let « = s/t —1. We find the following analog
of Lemma 2 in [2].

P =

Lemma 1. A global maximum of Ls; for any s,t satisfies

4
b; ab;
1 J L = 1<i<4
(1) z;l+aibj+1+aibi 0 =t=

J

4
a; aa; .
2 =0, 1<j5<4.
<) Zl+aibj+1+ajbj ’ =J=

=1

The following is an analog of Corollary 3.

Corollary 1. A matriz P maximizing Ls; satisfies

4
1 «

3 =4 1<72<4
(> j;l—l-aibj—i_l-Faibi o ==
and

4 1 Q
4 =4 1 <9 <4,
() ;1+aibj+1+ajbj Tt =J=

The next results, which are Lemmas 4 and 5 in [2] also holds more gen-
erally with the same proof.

Lemma 2. If P maximizes Lgy, then the following are true for every i:
(1) a; =0 if and only if b; =0, and
(2) a; > 0 if and only if b; > 0.

Lemma 3. If P maximizes Lg;, then the following are true for every i:
(1) a; = a; if and only if b; = b;, and
(2) a; > a; if and only if b; > b;.
As in [2], we may make certain simplifying assumptions.

Assumption 1. We can assume that some P mazimizing Ls; satisfies
(1) a1 > az > a3 > a4 and by > by > b3 > by,
(2) a1 =b1 >0, and
(3) aj Z a9 Z 0.

We are now able to introduce an analog to Lemma 7. It is only now that
we need to restrict our choice of s, t.
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Lemma 4. If P mazimizes L with s/t < M + 1, then as = bs.

While the method of proof is the same as [2], we present some details here
because the computations are somewhat more complicated.

Proof. If either of ag or by is 0, then ag = 0 = by. We can thus assume that
as > 0 and since a1 > a9, it follows that a; > 0 also.
Applying the first equation of Corollary 1 with ¢ = 1, we find

2 1 1 1

+ + + —4+a.
1+a? l14aar 1+azar 14 asay

Since the rows and columns of P sum to 4, we also have

a%+a2a1+a3a1+a4a1 = 0.
Defining
2—xz—y
fl(x7y):4 1+a 1 +£U+y—1,
TOT e T Ty

it follows that
asaq - aq - a1 = fi(aj,araz).
We similarly find (using Corollary 1 with ¢ = 2) that
azby - asby = fi(azba, a1bs).

Since aj and by are nonzero, it follows that

f1(af,araz)  fi(aghy, aiby)
a? N b2 ‘
1 2

Normalizing allows us to find a polynomial fa(z,y, z) such that

f2(a17 a, bQ) = 0.

Similarly applying the second equation in Corollary 1 with j =1 and j = 2,
we find that fa(ai, b2, az) = 0. Thus

fa(a1, a2,b2) — fa(a,az,b2) = 0.
The left hand side factors, yielding

(ag — ba) f3(a1, a2,b2) =0

where

fslar,az,b2) = a3((2(a + 3)(a +4))atb3 + (2(a + 4)(a + 2))aib:
+(—a? — a+8)atb3 + (—(a + 3)(a — 2))arby + (—2a — 6)b3)
+as((a® — o+ 8)afby + (2a2 +12a + 16)a3b3 + (—a? — a + 6)a}
+(20% 4 6a + 12)a b2 +(—a? —a+ 6)a1b2 6aay + (—a? + a)ba)
+(2a — 6)a] + (—a? — a + 6)alby + (—a® — a)a? — 6aarby — 4da
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Using the bounds in Lemma 5, we find that
fa(ar,az,b2) < 2(a+3)/(a+4)3a*+2/(a+4)*(a+2)a®
+(—a? —a+8)a?/(a + 4)?
—(a+ 3) (o — 2)(agha)ar/ (a + 4) + (=20 — 6)(aghs)?
+3(—a® —a+8)a?/(a +3)/(a+4)?
+(202 +12a + 16)a®/(a + 4)® — 3(a — 2)a?/(a + 4)
+(202 4 6 + 12)a?/(a + 4)? + (—a? — a + 6)a/(a + 4) (azba)
+(—a® + a)(agbs) + 3(—a® — a + 6)a?/(a +3)/(a +4) — 4a

This bound is quadratic in agby and is negative so long as its discriminant
(after normalizing),

a-pla+1) = 9a” +86a° 4 14505 — 4000 + 8800 4 72960 — 25600 — 24576

is negative, which is the case so long as a + 1 < M, or equivalently s/t <
M. O

Finally, we give an analog of Lemma 8 of [2].

Lemma 5. Suppose that P maximizes Ls;. Then

(1) af < 2%

(2) If o < 3515 then ajag < 555,

(3) If v < 3415 then arby < 1.

and

Proof. The proof of the first statement is entirely parallel to the case a =1
as given in [2], and is omitted.

The proof of the second statement is almost the same as for the case
a = 1, but we include the proof to explain the role of the upper bound
for a here. For ¢ = 1,2,3,4, define A; = 1 + a1a; and suppose that Ay =
l+ajag > 1+ 53, = 2at4 Tyefine

44+
14+« 1 4
9@) = = ot A =
Then
1 4
! _ -
g(l‘) - $2+(4*A1*A2)2

Since a1 > ag > 0, we have A1 > Ay > 1, whence 4 — A; — 2 < 2 for all
x> 1,80 ¢ () >0 for x > 1. Thus g is increasing between 24?;4 and Ao,
whence

1+a+1+ 4 >1+a+4+oz+ 4
Aq Ay 44— A1 — Ay Aq 4+ 2« 131?—%11
Since
1 1 4 4
— > -

As Ay T A3+ Ay A— A — Ay
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we see that

1—|—a+1+ 4 1+a+1+ 4 <1+a+1+1+ m
_ = _ —_— —_— _— = (0%
Ay Ay 4— A1 — Ay Ay Ay As+ Ay — A Ay As Ay ’
whence
A+ >1+a+4+a+ 4
[0 .
A1 44 2a M—Al

4+a

Here, the condition that o < 3105 \/2105 implies that the denominator on

the rightmost fraction is positive, whence we can find that the solution

2(a?47a+6) 442 U (12422
2024+11a+12° 4+« d4a

Since 41 > 0 and 41 = 1+ a% < 33130‘?‘, it follows that we must have

2 .
Ay € (220(402‘;;131?2, 44120‘["). But this contradicts A1 > As, so the stated

upper bound must hold.
The third inequality is proven by letting A; = 1 + a1b;. The same proof
will work, as in [2]. O

set for A; in the inequality is (—o0,0) U (

The following two results are proven exactly as in the case s/t = 2 as
described in [2], so we omit the proofs.

Proposition 1. a3 = b3 and ay = by.
Proposition 2. a;a; > 0 if and only if a; = a;.

Thus, the problem is reduced to comparing likelihood functions for dif-
ferent sign patterns for the a;. From the order assumptions, we need only
consider four different sign patterns: (+,+,+, —), (+,+, —, —), (+,+,0,—),
and (4,0,0,—). For the first of these patterns, we have a1 = as = a3 > 0,

which by the equations in Corollary 1 gives us a; = ag = a3z = ,/ai—lgt,
which gives rise to the matrix

s+2t s+2t s+2t 3t

4 s+2t s+2t s+2t 3t
3s+9t | s+2t s+2t s+2t 3t
3t 3t 3t 3s.

P =

For the second sign pattern, we find a; = ag = 4/ % and then

258+ 2t 2s+ 2t 4t 4t
oo 1 25+ 2t 2542t 4t 4t
27 $¥3t 4t 4 2s+2t 25+ 2

4t 4t 2s+ 2t 2s+ 2t
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We show that L (P2) > Ls(P1). Consider the ratio of likelihood functions
as a function of s and ¢:

; 8t 4s-+4t
R(s.t) = LotlP2) _ GEspeor (48)% (25 + 26)*

4s+12t
bl (S‘Sig‘t) (5 4+ 20)370 (31)% - (3s)°
g4s+12t (4t)8t (28 + 2t)48+4t
A4s+12t . (5 4 9)3s+6t (31)00 . (34)s
33s+6t 42t (28 + 2t)4s+4t
44s+4t . (S + 2t)35+6t . g5

Evidently, R(t,t) = 1 for any t. We compute the partial derivative with
respect to s.

OR

g(s’ t) —_ 33s+6t .1675t. t2t(s + t)45+4t5—s(8 + 2t)—3s—6t
-(log(27/16) — log(s) + 4log(s +t) — 3log(s + 2t))
33s+6t .1675t. t2t(s + t)4s+4t(8—s(s + 2t)—3s+—6t)

-log <QIZE§ i 3)23> '

All but the last factor are positive for any s and ¢, and it is an exercise in
elementary calculus to show that the last factor in the last line is positive
for s > t. Thus for fixed ¢, R is increasing with respect to s, from which it
follows that R(s,t) > 1 for s > t. Thus Ls(P2) > Ls+(P1).

For the other two sign patterns, we proceed similarly, and it follows that
P, is a global maximum of L ;, which is what we needed.

Although we are only able to use this method to prove the conjecture with
1 < s/t < M, we expect that the result is true more generally. Computations
for integer values 3 < s/t < 5000 using the EM algorithm (c.f. [3]) did not
find any counterexamples.
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